
ISRAEL JOURNAL OF MATHEMATICS 143 (2004), 189-222 

FINITE HURWITZ BRAID GROUP ACTIONS 
FOR ARTIN GROUPS 

BY 

S T E P H E N  P .  H U M P H R I E S  

Department o] Mathematics, Brigham Young University 
292 Talmage Math/Computer Building, Provo, UT 84602-6539, USA 

e-mail: steve@math.byu.edu 

ABSTRACT 

We prove t h a t  (with two possible except ions)  the  Hurwi tz  bra id  group 

act ion on the  sequence of s t a n d a r d  genera tors  of  an  irreducible Ar t in  

group has  a finite orbit  if and  only if the  Ar t in  group is of  finite type  

(i.e., t he  cor respond ing  Coxeter  g roup  is finite). 

1. I n t r o d u c t i o n  

For n > 2 and an n x n integral symmetric  matr ix  M = (mij),  where mii = 

1,mij  > 2,1 < i # j _< n, we define two groups: 

C(M) (sl,..,~lsL.. = . . ,sn, (sisj) m'~, 1 ~ i • j < n); 

A(M)  = ( t l , . . . ,  t~lT~(ti, ty, m.ij) = 7r(tj, t.~, mij), 1 < i ~ j < n). 

Here 7~(ti, t j , m q )  is the product  t i t j t i . . ,  of length mij and C(M) and A(M)  
are called the C o x e t e r  and A r t i n  g r o u p s  (respectively) a s s o c i a t e d  to  M. 

Here s l , . . . ,  s~ and tl . . . .  , t~ are called the s t a n d a r d  g e n e r a t o r s  for C(M)  

and A(M).  There is an epimorphism 

HM: A(M)  --+ C(M);  IIM(ti) = st, 1 < i < n. 

If C(M) is a finite group, then we say that  C(M) and A(M)  have f in i te  t y p e .  

The Coxeter or Artin group will be called i r r e d u c i b l e  if there is no non-trivial 

part i t ion {1 , . . .  ,n} = X U Y where mij = 2 for all i E X , j  C Y.  There is a 

well-known classification [Hu, GB] of finite irreducible Coxeter groups, each such 
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corresponding matrix being (associated to a graph) in one of the finite number 

of families An,  B n , D n , E ~ , F ~ , G n ,  Hn  = In,  indicated in Figure 1. Here the 

vertices of the graphs are labeled 1 , . . . ,  n and the matrix associated to such a 

graph has i j  entry 2 if there is no edge between vertices i , j ;  3 if there is an 

unlabeled edge between vertices i , j ;  k if there is an edge labeled k between 

vertices i, j .  The corresponding matrix will be denoted M ( A n ) ,  M ( B , ~ ) , . . .  and 

the groups by C ( A n ) ,  C ( B n ) , . . . ,  A ( A n ) ,  A ( B ~ ) , . . . .  

An, n >  1 : 0 ,  O O, O O O, O O O O , - - .  

Bn, n > 2 : 0  4 O, O 4 0 o ,  0 4 0 0 0 , . . .  

Dn,n__>4: ~ 0, ~ :3  0 O, ~x3 O 0  

/_/2, n_>5, n:/:6: o 5 o ,  o 7 o ,  o 8 o ,  o 9 o , . . .  

G 2 : O  6 0 13:O 5 0 0 1 4 : 0  5 0 0 0 

4 F4;O O O O E6;O O ~ O O 

k.J 

E8: o o g) ET: o o I o o o 

O ,  �9 �9 �9 

0 0 0 0 

Figure 1. 

The group A ( A n - 1 )  is known as the braid group Bn on n strands and has many 

manifestations and applications [Bi]. In this paper we are concerned with the 

action of/~n on n-tuples of a given group G. The braid group Bn has standard 

generators also denoted by a l , . . .  , a n - 1 .  Here ai acts on ( g l , . . .  ,gn)  E G n is 

as follows: 

(1.1) 
(~i(.. , g i - l , g i , g i + l  gi+2, ..) (.. -1 �9 , �9 = . , g i - l , g i g i + l g i  , g i , g i + 2 , . . . ) ,  

ai 1(.. , g i - l , g i , g i + l  gi+2, ..) (.. -1 - �9 , �9 = �9 , g i - l , g i + l , g i + l g i g i + l , g i + 2 , . . . ) .  

This is called the H u r w i t z  b r a id  g r o u p  action and has the property that  it 

preserves the C o x e t e r  e l e m e n t :  Hn ( g l , . . . ,  gn) = gig2 " " g n .  For applications 

of the Hurwitz braid group action see for example [Br, M, CP, CW, Hur, Lo, MT, 

Co, CMW]. Of course, if the group G is finite, then any element ( g l , . . .  ,gn)  E 

G n has a finite orbit and so determines a finite permutation representation of 
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/3n. Even in the case where the orbit is not finite one can sometimes characterise 

the image; for example, if G = H3 is the integral 3 • 3 Heisenberg group with 

generators a = E12,b  = E23 , c  = E13, then the action of ~3 on the orbit of 

(a, b, c) is an extension of $3 by Z 3 (here Ei j  is the matrix differing from the 

identity only in the i j  position, which is a 1). We noted in [Hum] that  one can 

sometimes get a finite orbit for a particular sequence of generators of G even if 

the group G is infinite. 

In this paper we look at a special case where G is infinite, namely where G is 

itself an Artin group. 

In [Hum] we considered the Hurwitz action on n-tuples of Euclidean reflections 

and proved: 

(1) Let n _> 3, vl, v 2 , , . . . ,  vn C ~n with v l , . . . ,  v~ linearly independent. Then 

the/3~-orbit  of (rvl, r v 2 , . . . ,  r~,,) is finite if and only if the group 

(r~l , rv2, .  . . , rv,~ ) 

is finite if and only if the element 1-i~(r~l, r~2, . . .  , rv, ) = rvl r~2 . . .  rv ,  has 

finite order. Here r~ is the reflection associated to the vector v E 1~ ~ \ {0}. 

(2) Let n _> 1 and let W = (S) be a finite reflection group. If W has type A,~ 

or B n ,  then/3n acts transitively on S(W),  the set of conjugacy classes of n- 

tuples of reflections generating W. If W has type Dn, n > 4, then 13n(Dn) 

has n - 2 orbits for its action on S(W).  These orbits are distinguished 

by their Coxeter elements (which are not conjugate). The other cases are 

also determined. 

(3) Consider the /3~ action on 8((S))  where (S) = S~+1. Then the action 

gives a representation of 13n of degree (n + 1) ~-2 which is 2-transitive for 

all n _> 3. If (n + 1) n-2 is not of the form 

qd _ 1 
q, (for d > 2), 2d-1(2 d -4- 1) (for d _> 3), 

q - 1  

where q is a prime power, then the/3~ action is that  of the symmetric or 

alternating group of degree (n  + 1) n -2 .  

For any G, if (g l , - - . ,  gn) is a sequence of generators for G whose orbit under 

the Hurwitz braid group action is finite, then we will call the elements that  

occur as entries in this finite orbit spec ia l  H u r w i t z  g e n e r a t o r s .  In this paper 

we consider the Hurwitz action on certain n-tuples of elements of Artin groups. 

The case n = 2 is trivial. 

Although the groups/3n and A ( A n _ I )  are isomorphic we will adopt the follow- 

ing convention: we will use/3n to denote the braid group acting on G n with the 
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Hurwitz action as described above, while A(An)  will denote one of the groups 

G such tha t  13n acts on G n. 

THEOREM 1.1: Let n >_ 3. Let A ( M )  be an irreducible Artin group with stan- 

dard generators t l , . . . , tn. Then (with the possible exception of types E7, Es ) 

the Hurwitz braid group action on the n-tuple ( t l , . . . ,  tn) has a finite orbit i f  

and o n l y / f A ( M )  is of fn i te  type. 
n + l  For type An we get (n + 1) n-1 elements in the orbit. There are ( 2 ) special 

Hurwitz generators in this case. 

For type Bn we get n n elements in the orbit. There are n 2 special Hurwitz 

generators in this case. 

For type Dn we get 2(n - 1) n elements in the orbit. There are n(n - 1) special 

Hurwitz generators in this case. 

For type I3 we get 50 elements in the orbit. There are 15 special Hurwitz 

generators in this case. The image of 133 gives a permutation group of order 

59 • 10!; there is a set of  blocks of size 5 on which the action is that of Sxo. 

For type I4 we get 1350 elements in the orbit. There are 60 special Hurwitz 

generators in this case. The image of  134 gives a permutation group of order 

15 s9 x 90!; there is a set of  blocks of  size 15 on which the action is that of  S9o. 

For type F4 we get 432 elements in the orbit. There are 24 special Hurwitz 

generators in this case. The image of  134 gives a permutation group of order 
22o310 . 

For type E6 we get 41472 = 2934 elements in the orbit. There are 36 special 

Hurwitz generators in this case. 

We note tha t  in all of the above cases of type Xn the number  of special 

Hurwitz generators is equal to the number of positive roots in a root system of 

type Xn [Hu; p. 80]. 

In the Coxeter group/reflection group case we showed in [Hum] that  certain 

types Xn had many  different sequences of n generating reflections that  gave 

different 13n orbits. These sequences generally had non-conjugate Coxeter ele- 

ments. In the Artin group case we have similarly been able to show that  there 

are other sets of sequences of conjugates of the generators t l , . . . ,  tn that  give 

different finite 13n orbits. These sequences are not necessarily a set of generators 

for the Artin group. We list some of these in 

THEOREM 1.2: For type D5 the orbit of (a, b, c, d, b- lc - lecb)  has 2592 = 2 x 64 

elements. There are 20 special Hurwitz generators in this case. The image of 

135 gives a permutation group of  order 12215 x 216!; there is a set of  blocks of  

size 12 on which the action is that of A216- 
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For type I3 the orbit of (a, b, c - lb - la - lcbc- labc)  has 54 elements. There are 

15 special Hurwitz generators in this case. The image of B3 gives a permutation 

group of order 6 s x 9!; there is a set of blocks of size 6 on which the action is 

that of A9. 
For type I3 the orbit of (a, c, c- lb - la - lcbc- labc)  has 50 dements. There are 

15 special Hurwitz generators in this case. The image of B3 gives a permutation 

group of order 5 9 x 10!; there is a set of blocks of size 5 on which the action is 

that of $1o. 

These computat ions were carried out using Magma [MA]. 

The following gives a connection between Hurwitz actions on finite groups 

and isomorphic actions on infinite groups. 

THEOREM 1.3: Let G be a group generated by g_ = ( g l , . . . , g n ) .  Then there 

is an infinite group Q with generators q = (q l , . . . ,  qn) and an epimorphism 

7r: Q -~ G, ~r(qi) = gi, i <_ n, such that the Bn action on the orbit B~(q) and 

the Bn action on the orbit Bn(g) are permutation isomorphic, this isomorphism 

being induced by ~r. In particular, 13n(q) is finite i f  G is finite. 

2. T h e  A,~ case  

In this section we prove Theorem 1.1 for A(An).  However, we first note that  

if A(M)  is not of finite type, then the corresponding Hurwitz action on the 

n-tuple ( t l , . . - ,  t,~) does not have a finite orbit. This follows from [Hum] since 

HM is a •n epimorphism and H M ( t l , . . . ,  tn) = ( S l , .  � 9  Sn) has an infinite orbit 

[Hum; Theorem 1.1]. We thus see that  the Hurwitz action on ( t l , . . . ,  tn) must 

also have an infinite orbit. 

So now assume that  M has type An. Then ti = ai, 1 < i < n. Recall [Bi] 

tha t  we can faithfully represent the braid group Bn+l ~ A(An) as the mapping 

class group of the n + 1-punctured disc iP~+1 with punctures ~r l , . . . ,  ~rn+l, so 

that  ai is a half-twist about  an arc ai joining the punctures 7ri, ~ri+l. See Figure 

2, where we have indicated the arcs ai, 1 _~ i < n, together with generators xi 

of the free fundamental  group 7~l(/)n;p) ~- F~ = ( x l , . . . ,  Xn). As the mapping 

class group, A(An) acts on the free group Fn+l, the action being given by (1.1) 

(with gi = xi). 

We will think of :D~+I as a subset of l~ 2 with the punctures all on the x- 

axis. Note tha t  the t~(= ai) are all conjugate (since aiai+laiai+~a~ 1 = ai+l 

follows from the braid relations [Bi D and that  every conjugate of every ai is a- 

positive half-twist relative to some arc of 19~+1 joining two punctures.  Thus if 
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a �9  where a ( t l , . . . ,  tn) = ( Y l , . . . ,  Y n ) ,  represents the Hurwitz action of a on 

( t l , . . .  ,tn) �9 A(An) n, then each Yi can be represented by an arc a(yi) = ai(a) 
joining two punctures on :Dn+l, where yi is the positive half twist relative to 

this arc. Thus (Yl, . . . ,Yn) can be represented as n arcs o f / ) n + l ,  each arc 

a(yi) = ai(a) being labeled with the label i. The set of such labeled arcs for 

this a �9  will be denoted P.l(a), which we will also think of as an edge-labeled 

graph in :Dn+I with vertices the punctures 7ci. Note that  9.1(a) determines a. 

For example, i r a  = id, then ai(id) = ai for 1 < i < n and 91(a) = ( a l , . . .  ,an) 

is shown in Figure 2. 

~ 2 

P 

Figure 2. 

Let 

For 1 _< i < j  < n + l  we le t  

O'i j : O'i O'i_]_ l . . . O'j__20"j__lOrj-__12""" 0"~+10"i -1 �9 A(An).  

E~ = {aij: 1 <_ i < j <_ n +  1} C A(An).  

We note that  if a E En, then the arc a(a) can be drawn in / )n + l  so that  it is 

completely below the upper half plane. This is how we will always draw the 
n + l  elements of En. Note that  there are ( 2 ) elements of En. We will show that  

these are the special Hurwitz generators. 

The following result will show that  the set of special Hurwitz generators for 

the Bn action on ( t l , . . .  ,tn) in the An case is finite. This result thus proves 

Theorem 1.1 in the An case. 

PROPOSITION 2.1: For any a E 13n with a ( t l , . . .  ,tn) = (Yl, . . .  ,Yn), we have 
a(yi) E En for 1 < i < n. Fhrther, i f  1 ~_ i ~ j ~_ n, then a(yi) and a(yj) are 
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disjoint (except possibly at their end points) and the union of the arcs in 91(~) 
is a tree with vertices the punctures of/9n+1. 

Proof: This will be by induction on the length of ct E Bn as a product of the 

standard generators a~ 1. The case of zero length (a = id) is clear. 

Now let a = a~fl, e = +1,1 _< k < n, where fl E Bn has shorter length than 

a. Let f l ( t l , . . . ,  tn) = (Yl , . . . ,  Yn), where we may assume inductively that  each 

a(yi) is an arc below the upper half plane and that  they have pair-wise disjoint 

interiors with 9,1(fl) a tree. 

We now see how ~ acts; by (1.1) a~ clearly only effects Yk, yk+l. There are 

two cases. First assume that  the elements Yk, Yk+l commute. This is equivalent 

to requiring the arcs a(yk), a(yk+l) to have disjoint end points as well as disjoint 

interiors. One possibility is shown in Figure 3 (i) (any other case is similar). 

Then the effect on (Yl , . . . ,  Yn) of acting by a~, e = +1, is to interchange Yk and 

yk+l. The effect on 91(/~) is to interchange the labels k, k + 1 as indicated in 

Figure 3 (i). Thus 9.1(a) also satisfies the conclusions of Proposition 2.1. 

Now assume that  the elements Yk, Yk+l do not commute. Then by induction 

this is equivalent to requiring the arcs a(yk), a(yk+l) to have exactly one end 

point in common and to look like one of the left-hand sides of Figure 3 (ii), (iii), 

(iv), or any of Figure 3 (vi) (ignore the dashed lines for the moment). Then the 

effect on 91(~) of acting by crk is shown in Figure 3 (ii), (iii), (iv) for these cases 

(ignore Figure 3 (vi) for the moment) while the effect on 9.1(~) of acting by ak  1 

on the left-hand side of Figure 3 (ii) is shown in Figure 3 (v). Note that  a~ has 

the same effect as a~ -1 on the left-hand side of (ii) (and of (iii), (iv)) and so we 

have described what happens for all cases except those listed in Figure 3 (vi). 

Consider further the action of a~ on the left-hand sides of Figure 3 (ii), (iii), 

(iv), where 1 _< r < s < t < n. Note that  in each case the graph corresponding 

to ~l(c~) is still connected, and since 91(/~) is a tree and we have the same number 

of edges we see that  9.1(c~) is also a tree. Now by induction the edges of P.I(/~) 

do not cross, so that  no other edges enter the triangle determined by the edges 

a(yk), a(yk+l), together with the dashed edge also shown in the left-hand sides 

of Figure 3 (ii), (iii), (iv). Thus no other edges enter the triangle determined by 

the images under a~ of these edges together with the dashed edge also shown 

in the right-hand sides of Figure 3 (ii), (iii), (iv). Thus no edge crosses these 

image edges and we have proved Proposition 2.1 for these cases. 

We conclude the proof of the A(An) case by showing that  the situations 

indicated in Figure 3 (vi) cannot occur. We will consider the first case in Figure 
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3 (vii, the rest being similar. 

i j r s 
> 

i j r s 

O0 
r s t 

\ / 

r s t 

(iii) 
r s t 

r s t 

k+l 

r s t 

k + !  

r s t 

\ / 

) 

ai t 
> 

r s t 

\ / 

r ~ t 

k + !  

r s t r s t r s t 

k o 2_Y 
k 

Figure 3. 

We recall t ha t  a fundamenta l  p roper ty  of the Hurwitz  braid group action is 

t ha t  it preserves the p roduc t  of the  generators:  if a ( t l , . . .  , t n )  = ( Y l , . . - , y n ) ,  

then tl " "  tn = Yl " " Y n .  

Since we can act  by IIM(A,j:  A ( A n )  ~ C ( A n )  -~ Sn+I and 

H = I I M ( A ~ ) ( H n ( t l , . . .  , t n ) )  = I IM(A~) ( t l " "  "tn) ---- ( 1 , n + t , n , n - t , . . .  , 4 ,3 ,2 ) ,  

this turns  into a result about  products  of t ransposi t ions in Sn+ 1. We have to 

show tha t  the following is impossible: 
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(*) let /3 6 Bn, let 1 _< k < n, and let T1, . . . ,Tn,Ti  = YIM(A~)(yi(/3)), be 

transpositions generating Sn+l such that  (acting on the right) we have 

T I " ' ' T n  = ( 1 , n +  1 , n , n - -  1 , . . . , 4 , 3 , 2 ) ,  where 7k = (st),Tk+l = (rs) with 

l < r < s < t .  

Proof of (*): We prove this by induction, at taching s ta tement  (*) to the induc- 

tive hypothesis tha t  we are using to prove Proposit ion 2.1. The initial cases are 

trivial and we assume a = a~./3 etc. Thus we assume tha t  92(/3) is as described 

in Proposit ion 2.1 and show that  (*) is impossible. 

We first note tha t  we may assume tha t  k = 1. This is just [Hum; Lemma 2.1 

(iii)], which shows how to move any subsequence Yi l , . . . ,  Yi,,, 1 _< il < i e . . .  < 

iu <_ n, of y ] , . . . ,  Yn into the first u positions by using an action of •n. 

Writing 71 = (st), 72 = (rs), 73 " "'rn = 6, we then have t > 1 and so 

t -  1 = (t)7"l''"rn = (t)(st)(rs)5 = (r)(~. 

But the only way that  we can have (r)5 = t - 1 is if there is a pa th  in 92(/3) 

from r to one of r, s, t which does not use the edges a(yk), a(yk+l). But if this 

is the case, then, since all of the edges of 92(/3) are arcs below the x-axis we 

see tha t  9.1(/3) is not a tree; a contradiction. Thus the cases shown in Figure 

3 (vi) cannot occur and so concludes the proof of (*) and so, by induction, of 

Proposit ion 2.1. | 

Now the finiteness result in Theorem 1.1 for type An follows since by the 

above Proposit ion we have 

~n(t l , .  tn) C E n 
" ' ~  n ~  

where 13n(tl , . . . , tn) denotes the orbit  of ( t l , . . . , t n )  under the ~n Hurwitz 

action. 

Recall tha t  S(C(An))  denotes the set of conjugacy classes of sequences of 

n transpositions generating Sn+l ~ C(An). Let S(C(An))  denote the set of 

sequences of n transpositions generating Sn+l. 

Now if we consider the m a p  IIM(dn): A(An) --+ C(An), then this map  induces 

maps 

l=[M(An): B n ( t l , . . .  ,tn) -+ 3(C(An));  IIM(An): B n ( t l , . . .  , tn) ~ 8(C(An)) .  

Let 0 and O denote the images of I=IM and 1-IM respectively. For a set X,  let 

Sym(X)  denote the symmetric  group of X.  Then we have monomorphisms 

fi: S y m ( B n ( t l , . . . , t n ) ) - +  Sym(O); p: Sym(Bn( t l , . . . , t n ) )  -+ Sym(O),  
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which when restricted to the image of/~n in Sym(•n( t l , . . . ,  tn)) give permuta- 

tion representations of Bn that  we will also denote by fi, p. 

We first show that  fi is injective. Now for 1 < i ~ j _< n we have HM(A,~)(aij ) 
= (ij) E Sn+I and so the map B n ( t l , . . . , t n )  --4 E n induced by 1]M(An ) i s  

injective. Proposition 2.1 shows that  the actions of/~n o n  x E l~n(tl , . . .  ~tn) 
and o n  rIM(A.)(X ) E II(~ n) are permutation isomorphic under Y[M(An). It 

follows that  fi is injective. 

The map p is onto by [Hum; Theorem 1.2] and from [Hum; Theorem 1.4] we 

see that  O has size (n+ 1) n-2. Now if a l ,  a2 E ~n satisfy H M ( A , ~ ) ( o g  1 ( t l ,  �9 �9 � 9  tn)) 

= HM(A~)(a2 ( t l , . . . ,  tn)), then a l  ( t l , . . . ,  tn) and a2 ( t l , . . . ,  tn) must be conju- 

gate. But this conjugating element must commute with the product tl �9 -. tn and 

so must be a power of that  element. (Note that  H = IIM(An ) (tl " "  tn) is an n + l -  

cycle in Sn+l and that  it generates its own centraliser.) But [Bi] the generator 

of the centre of Bn acts by conjugating by this element. Thus HM(An)(tl . . .  tn) 
has order n + 1 and so there are exactly n + 1 conjugates of ( t l , . . . ,  tn) which 
get sent to the same element. Thus there are (n + 1) x (n + 1) n-2 -- (n + 1) n-1 

elements in the orbit ]3n( t l , . . . ,  tn). This concludes the proof of the An case of 
Theorem 1.1. | 

3. T h e  Bn case 

The proof for this case is similar to that  of the An case in that  we represent 

special Hurwitz generators by (unions of disjoint) arcs. 

Here we use a way of representing the Artin group A(Bn) as a subgroup of 

A(A2n-1) -~ 132n that  is described in [C] and [SV]. Define the following elements 

of A(A2n-1): 

Q1 = 0 " 1 0 " 2 n - 1 ,  Q2 = o2o2n-2, . . . ,  Qn-1 = a~-lan+l ,  Qn = an. 

Then [C, SV] the group ( Q 1 , Q 2 , . . . , Q n - I , Q n )  is isomorphic to A(Bn) = 
( t l , . . .  ,tn), under the map induced by Qi ~ t~. 

We now assume tha t / )2n  is a circular disc centered at (0, 0) of radius n + 1 

such that  the punctures ~rl , . . . ,  712n of ~D2 n are the points 

( - n , O ) , ( - n +  1 , 0 ) , . . . , ( - 1 , 0 ) , ( 1 , 0 ) , . . . , ( n -  1, 0), (n, 0), 

respectively. 

We let I = [-1/10,  1/10] C ~)2n denote the interval of the x-axis (see Figure 

4 (i)). 



Vol. 143, 2004 FINITE HURWITZ ACTIONS 199 

Now as in the An case we represent each aij 6 A(A2n-1) ,  1 < i < j < 2n, 

by an arc a(crij) C :D2n. There  are various cases: If  i , j  < n, then a(c~ij) will 

be a semi-circular arc joining the punctures  7ri, 7rj below the x-axis of T)2n. If  

i, j > n, then a(aij) will be a semicircular arc joining the punctures  7ri, 7t-j above 

the x-axis of :D2n. If  i < n , j  > n, then a(aij) is the union of a semicircle below 

the x-axis between 7~i and (0, 0) and a semicircle above the x-axis between (0, 0) 

and 7rj; see Figure 4 (i), for example. 

We thus represent Qi, 1 < i < n, by a union of arcs a(Qi) = a(ai) U a(Cr2n_i) , 

so tha t  Qi is the p roduc t  of the positive half-twists corresponding to these arcs. 

Each A(Bn) -con juga te  of Qi, i < n, can also be represented by a pair  of disjoint 

arcs. For Qn we define a(Qn) = a(an)  to be an arc which is the union of a 

semicircle below the x-axis between ( - 1 ,  0) and (0, 0) and a semicircle above 

the x-axis between (0, 0) and (1, 0). 

Let ~- = ~-2n 6 •n denote  the involutive diffeomorphism of ~D2n which 

rota tes  by 7r about  (0,0). Then  7-2n also corresponds to  the pe rmuta t ion  

(1,2n)(2,  2n - 1 ) . . .  (n, n + 1) of the punctures .  

Now if a = aijars E A(Bn) ,  then we let a (a )  = a(crij ) [3 a(ars). If  a(a) is 

T2n-invariant, then exact ly two of i, j ,  r, s are less than  n + 1; if these are u, v, 

then { i , j , r , s }  = {u ,v ,2n  + 1 - u , 2 n  + 1 - v } .  In part icular ,  since there are 

two ways to connect  { u , v , 2 n  + 1 - u , 2 n  + 1 - v} with two arcs (such tha t  

the two arc components  are interchanged by T2n), there are 2 ( i  ) = n 2 - n of 

these v2~-invariant as. There  are also n of the a i , en+l - i  which are T2n-invariant. 

Thus  there are n 2 of the arcs of the form a(a) described above which are 72n- 

invariant.  These a = CrijCr2n+l_i,2n+l_j and a = a i ,2n+l- i  will be the special 

Hurwitz  generators.  Let  En denote the set of all these as. 

In the following we will allow the arcs which meet  I to  move slightly, bu t  

never to move entirely off I .  We do this so tha t  sets of arcs will then have 

disjoint interiors. 

The  a(Qi) are symmetr ic  relative to 72n: a(Qi) satisfies 

ven(a(Qi) ) = a(Qi). 

It  easily follows tha t  if a 6 (Q1, . . . ,  Qn) = A(Bn) C A(A2n-1) ,  then 

T2n(a(a(Qi) ) ) = a(a(Qi) ). 

PROPOSITION 3.1: Let  a E Bn and  let Q 1 , . . . ,  Qn 6 A(Bn) C A(A2u-1)  be the 

standard generators for A(Bn) as described above. Then we have a(Q1, . . . , Qn) 

= ( y l , . . . ,  Yn) where each of the a(yi) having two components bil, bi2 satisfies 

T2n(bil ) = b~2, T2n(bi2) = bil, 
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and the interiors of the bij can be isotoped (in a small neighbourhood of I )  to 

be pair-wise disjoint. Further, each bij is equal to some a(auv). Also, i f  the 

end points of bil, b~2 are j, k and 2n + 1 - j, 2n + 1 - k (respectively), then 

H(y~) = (j, k)(2n + 1 - j, 2n + 1 - k). 

I f  a(yi) has a single component, then it is equal to some a(au,2n+l-u) and 

is "r2~-invariant. Further, if  the end points of a(y~) are u, 2n + 1 - u, then 

n ( y i )  = (u,  2n + 1 - u) .  

In either case, i f  a(yi) = bl [3 b2 with bl below the x-axis and b2 above the 

x-axis, then the left-most endpoint of  bl is the left-most of all the vertices of 

a(yi) and the right-most endpoint of b2 is the right-most of all the vertices of 

The set E = En is the set of special Hurwitz generators. 

Proo[: Note that  there is an implied correspondence (determined by HM(S~)) 

between the elements of E and the conjugates of HM(B~)(Qi), i < n. We will be 

showing that  this is respected by t h e / ~  action. 

Since T2n(a(Qi)) = a(Qi) for all i < n we see that  T2nQi = Qi72~. 

If a ( Q 1 , . . . ,  Qn) = ( y l , . . . ,  Yn), then each y~ has the form EjQjE~ -1 for some 

Ej e (Q1 , . . . ,  Qnl; we then have a(yi) = Ej (a(Qj) )  and so a(yi) is T2n-invariant 

by the above. 

The rest of the proof will again be by induction on the length of a,  as a 
a +1 i word in the standard B~ generators i , < n, the case a = id being clear. 

So assume that  a = a~/~, where/~ has smaller length than a and ~ = • By 

induction we may assume that  f l (Q1 , . . . ,  Qn) = ( y l , . . . ,  y~), where the arcs of 

all of the a(yi) satisfy the conditions of Proposition 3.1. 

We now see how a~ acts on f l (Q1, . - . ,Qn) ;  again it only effects Yk,Yk+l. 

There are two cases. First assume that  the elements Yk,Yk+l commute. This 

is equivalent to requiring that  a(yk),a(yk+l) have disjoint end points (since 

Yk ~ Yk+l). Then the effect on (Yl, .-- ,  Yu) of acting by a~ is to interchange Yk 

and Yk+l. The effect on P.l(/~) is to interchange the labels k, k + 1. Thus P2(a) 

satisfies the conclusions of Proposition 3.1. 

Now assume that  the elements Yk,Yk+l do not commute. Here there are two 

c a s e s :  

(a) a(yk), a(yk+l) both have two components; 

(b) one of a(yk), a(yk+l) has one component. 

If (a) and a(yk) = cl t3 c2, a(yk+l) = d l  t3 d2, where the arc components cl, dl 

are both below the x-axis and c2, d2 are both above the x-axis with further Cl, dl 

and c2, d2 each sharing a puncture, then this case follows from the analysis of 
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the A(An)  case above (see Figure 3 (ii)-(v)) since we just have two disjoint 

copies of the A(An)  case, one above and one below the x-axis. 

On the other hand, if we have (a) but  not the above case, then we will show 

that  we have Figure 4 (i), (ii) or (iii) and for these cases we indicate how ak 

acts in Figure 4. Here X, Y, Z are parts of the picture and "rX, TY, TZ are 

their images under T = T2n. Note that  Crk has order three on such elements, so 

the effect of a• 1 is also apparent from Figure 4. It follows that  PA(a) satisfies 

Proposition 3.1. 

This does (a) if we can show that  Figure 4 (i)-(iii) are the only possibilities. 

We do this after considering (b). 

If (b), then we will show that  a(yk), a(yk+l) look like one of Figure 5 (i), (ii), 

(iii), (iv). If this is the case, then the effect of ak is indicated in Figure 5, from 

which we see that  a~ acts as the identity, so that  the action of ak  1 is the same 

as the action of a~. One can now easily check that  c~ satisfies the conclusions of 

Proposition 3.1. 

k+l 

i j m ~ _~_ 
(i) o X 9 Y Q Z 47#.'CZ b XY 6 ":X 0 

1 2n+l-m 2n+l-j 2n+1 

k+l 

~ ~ k + !  k 

- _ "  �9 

k+l 

k_ 

(ii 0 q X 0 Y c~ Z J--~r'~Z b "~Y d "U~ o 

~ ~ 2n+l-m 2n+l-j 2n+l-i 

k 

Figure 4. 

We thus need to show that  a(yk), a(yk+l ) look like one of Figure 4 (i), (ii), (iii) 
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k 

(i) X Y 
1-i 

k k+l 

O0 x Y 
I t  

(iii) 

Ov) 

k 

X Y 
o, _" 11 

k+l 

2n+ l- j  2n+ l-i  

k+l 

Figure 5. 

in case (a) or Figure 5 (i), (ii), (iii), (iv) in case (b). This will be similar to the 

A(An) case since again it turns out that  we need only look at the image under 

HM(B~): A(Bn) --+ C(B~), which we now describe. Recall that  C(B,~) is the 

group of all signed permutations of •  •  [GB]. We order these elements 

as 1, 2 , . . . ,  n , - n ,  1 - n , . . . ,  - 1 ,  and denote them by 1, 2 , . . . ,  2n (respectively), 
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so that  the generators si = l - IM(B, ) ( t i )  are just 

S1 - -  (1, 2)(2n - 1, 2n), 

s2 = ( 2 , 3 ) ( 2 n -  2 , 2 n -  1), 

8n--1 ---- (n-- 1,n)(n + 1,n + 2), 

sn = ( n , n  + 1). 

Thus if a ( Q 1 , - . . ,  Qn) = ( Y l , . . . ,  Yn), where a(y i )  consists of two arcs cl, c2 

whose endpoints are { i, j } , { 2n + 1 - i, 2n  + 1 - j ) , l < i ~ j <_ 2n,  then the 

corresponding permutation is II(yi) -- ( i , j ) ( 2 n  + 1 - i, 2n + 1 - j ) .  If a(y i )  is 

a single arc with endpoints i, 2n + 1 - i, then II(yi) = (i, 2n + 1 - i). Thus the 

permutation can be directly read off from a(yi ) .  The product is then 

8 1 8 2 " "  " S  n ---- ( 1 , n +  t , n +  2 , . . .  ,2n - 1 , 2 n ,  n , n  - 1,n - 2 , . . .  ,4 ,3 ,2) .  

One can check that  for case (b), if a ( y k ) , a ( y k + l )  do not look like the cases 

shown in Figure 5 (i)-(iv), then they must look like one of Figure 5 (i)-(iv) only 

with the labels k, k + 1 interchanged, a similar statement being true for Figure 

4 in case (a). 

We first note that,  as in the An case, we may assume that  k = 1 [Hum; 

Lemma 2.1 (iii)]. 

Suppose that  a(yk ) ,  a ( y k + l )  look like Figure 6, which is Figure 5 (i) with the 

labels k(= 1), k+  1(= 2) interchanged (any other case in Figure 5 being similar). 

Here 1 < i < j _< n. 

k + l  
i j 

X Y 
~ n +  l-i 

k + l  k 

Figure 6. 

Then 

zl = IIM(,n)(yl)  ---- (j ,  2n  + 1 - j ) ,  

z2 ---- HM(B.~)(y2) ---- ( i j ) ( 2 n  + 1 -- i , 2 n  + 1 -- j )  
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and so we have 

(1,n + 1,n + 2 , . . . , 2 n -  1,2n,  n , n -  1 , n -  2 , . . .  ,4,3,  2) 

= (j, 2n + 1 - j ) ( i j ) ( 2 n  + 1 - i, 2n + 1 - j ) z 3 " " Z n  

= ( i , j , 2 n +  1 - i , 2 n +  1 - j ) z 3 " " z ~  

where zi = I]M(B,~)(yi). Since j > i _> 1, we have j - 1 = ( j ) I In .  

Since ( j ) z l z2  = ( j ) ( i , j ,  2n + 1 - i , 2 n  + 1 - j )  = 2n + ] - i, we see tha t  

(2n+  1 - i ) z 3 z 4 . . .  Zn = j -  1 and so there must be a pa th  in 92(/~) with endpoints 

2n + 1 - i , j  - 1, which only contains edges of a(y3) t_J a(y4) U . . .  U a(yn) and 

so which does not contain the edges a(y l ) ,a (y2) .  One can see, using the fact 

tha t  92(~) satisfies Proposit ion 3.1, tha t  this pa th  must eventually intersect the 

interval I and then continue in the lower half plane to j - 1; in doing so it must 

meet (at a vertex) the par t  of a(y l )  U a(y2) which is in the lower half plane. 

This contradicts the fact tha t  P.I(/~) is a tree. This concludes considerations of 

Figure 5 and so of case (b). 

For Figure 4 and case (a) we consider, for example, Figure 4 (ii) with the 

labels k, k + 1 interchanged. Again one sees tha t  1 < j < n and so 

j - 1 = ( j )Z lZ2Z3" ' 'Zn  ~- (2n -q- 1 -- m ) z 3 " " z n ,  

showing that  there is an edge pa th  in P,t(/~) \ {a (y l ) , a ( y2 ) }  from 2n + 1 - m 

to j - 1 and tha t  any such edge pa th  must meet one of the vertices i , j ,  thus 

showing tha t  ~ (~)  is not a tree. This contradiction shows that  this case does 

not occur and all other cases are similar. 

One now sees that  Proposit ion 3.1 is true for c~ and so the result follows by 

induction. | 

Now by Proposit ion 3.1 we note that  there are only a finite number  of the 

y~ tha t  occur as entries in ~ ( Q 1 , . . . ,  Qn) and so the orbit  is finite. Proposit ion 

3.1 also shows tha t  the endpoints of any one of the arcs a(y~) completely deter- 

mine tha t  arc and so determines the element y~. Now there is an epimorphism 

IIM(B,~): A ( B n )  ~ C ( B n )  which the last comments  show is injective when re- 

stricted to the set of special generators. Thus this map induces an injective 

map IIM(B,): •n (Q1 , . . . ,  Qn) ~ C ( B n )  n, whose image has cardinality n n-1 by 

[Hum]. An argument  as in the An case shows that  the orbit B n ( Q 1 , . . . ,  Qn) has 

size n • n n-1 = n n. This completes the proof of Theorem 1.1 for the Bn case. 
| 
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4. T h e  Dn case  

In this section we prove Theorem 1.1 for A(Dn),  this being the most  involved 

case. We again need a geometric way of representing the group A(Dn) and its 

s tandard generators. To do this we use a result of Perron and Vannier [PV] which 

allows one to represent A(Dn) as a subgroup of a mapping class group generated 

by Dehn twists. Specifically, let al ,  a 2 , . . . ,  an be a set of non-bounding simple 

closed curves on a surface with boundary which are homologically independent 

and whose intersections are of type Dn. 

0 7 

b I 

Figure 7. 

See Figure 7 for example, where n = 8 and we have drawn the curves a l , . . . ,  as 

as if on a genus five surface. The identifications have been indicated showing 

how to join up some of the curves that  look like arcs. We have also indicated 

arcs b2, . . . ,  bn, one for each intersection point of a pair of curves ai, ai+l, 1 < 
i < n, together with an arc bl meeting only al as shown. The arcs bi have 

their endpoints on the boundary of the surface. Thus the surface tha t  we have 

drawn is a tubular  neighbourhood Nn of the union [.Ji'~_l ai, having a number  of 

boundary components.  Note that  cutting the surface along the bi results in a 

disc with identifications indicated by the sequence 

.. b -1 b-1 b-1 bl, b2 , . . . ,bn-2 ,  bn-l ,bn,  b~ 1, b~l, .  , ~-2, n , ~-1, 

as shown in Figure 8 for the case n = 8 again. In Figure 8 we have also indicated 

orientations to the b / a n d  the a / s o  that  b~.ai = 1 for all i < n etc. 

For each a / w e  let T(ai) denote the Dehn twist about  the curve ai. By [PV] 

the subgroup ( T ( a l ) , . . . ,  T(an)) is a faithful representation of A(Dn) under the 

homomorphism induced by ti ~ T(ai). Note further that  the Dehn twist asso- 

ciated to a simple closed curve does not depend on the orientation of that  curve, 
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just  on the orientation of the surface. Thus we can freely change orientations 

of such curves when they are representing Dehn twists, as they will do in what 

follows. 

b 3 

b2 

b, 

bl b 7 

a! 
b 8 

a2 
b 6 

a 3 

a 4 b 5 

~5 

b 6 

b 7 " ~  / / a L 

b 1 

a 2 . ~ - - ? /  b 3 

b 2 

b 4 

Figure 8. 

Now we describe certain symplect ic  coordinates for curves in Nn.  Let c be 

an oriented simple closed curve in N n  and isotope c so that  it intersects the 

bi minimally. Let e'(bi, c) denote this minimal intersection number. If, for 

fixed i _< n, all of the local intersections of bi and c have the same orientation, 

e E {d=l} (this will always be the case for the curves we consider), then we let 

~(b~, c) = e#(b i ,c ) .  Then the symplectic coordinates are 

~ =  ( t ( b l , C ) , t ( b 2 , c ) , . . . , t ( b n , c ) )  e Z n. 
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For example, from Figure 8 we have 

a l  = ( 1 , - 1 , 0 , 0 , . . . , 0 ) ,  

~2 = ( 0 , 1 , - 1 , 0 , . . . , 0 ) ,  

a n - 3  = ( 0 , 0 , 0 , . . . , 1 , - 1 , 0 , 0 ) ,  

~=-2 = ( 0 , 0 , 0 , . . . , 0 , 1 , - 1 , - 1 ) ,  

a n _  1 = (0,0,0,...,0, 1,0), 
= ( 0 , 0 , 0 , 0 , . . . , 0 , 0 , 1 ) .  

If T is the Dehn twist about  a curve c, then we will also let T denote the 
n symplectic coordinates of the curve c. Note that Nn \ Ui=l bi is a disc and so 

there are only finitely many simple closed curves c whose coordinates are in 
{0,+1} n. 

We next give a list of vectors which we will later show are the symplectic 

coordinates of the special Hurwitz generators: Let Cn denote the set of curves 

having the following symplectic coordinates: 

(i) (0 , . . . , 0 ,  1 ,0 , . . . ,0 ) ,  
(ii) (0, . . . , 0 ,  1 , 0 , . . . , 0 , - 1 , 0 , . . . , 0 ) ,  

(4.1) (iii) ( 0 , . . . , 0 , 1 , 0 , . . . , 0 ,  1 , 0 , . . . , 0 , - 1 , - 1 ) ,  

(iv) (0 , . . .  ,0, 1 , 0 , . . . , 0 , - 1 , - 1 )  

(except that (0 , . . . ,  0, 1 , - 1 )  is not allowed in the second type listed). Let /;~ 
denote the above set of vectors. 

First note that of the types listed above we have 

n + ( ( 2 )  - 1 ) +  ( n - 2 ) 2  + ( n - 2 ) = n ( n - 1 )  

total vectors. Thus 12n has n(n - 1) vectors. 

Now it is easy to check that each vector in )2~ determines a unique simple 

closed curve in Nn. Thus Cn is well-defined. Since all curves are unoriented, 

these coordinates are determined only up to a common sign. 

Let (Q1 , . . . ,  Qn), Qi = T(ai), be the standard generators for A(D~) and 

IIM(Bn): A(Dn) -+ C(Dn) the projection; specifically we have the following 

action on the generators: 

HM(B,,)(Qi)=(i,i+ l)(2n+ l - - i ,2n- - i ) ,  f o r l < i < n - - 1 ,  

IIM(B,,) (Qn) = (n - 1, n + 1)(n + 2, n). 
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We need to specify one more bijection, namely q2: ~ -~ :P~, where P~ 

is the set of elements of C(D~) that  occur as entries in the /3n orbit of 

(IIM(B.)(Q1), . . .  ,IIM(B~)(Qn)) (see [Hum]), or alternatively, Pn is the image 

of �9 - -  see (4�9 below�9 Let ei denote the i th unit vector�9 Then q2 is defined as 

follows: 

(4.2) 
(i) r = ( i , n + 2 ) ( n -  1 , 2 n +  1 - i )  if 1 < i < n -  2; 

(i) r  = ( r t  - -  1,n)(n + 1,n + 2); 

(i) ~(e~) = ( n -  1 , n +  1 ) ( n , n + 2 ) ;  

(ii) ~ ( e i - e y ) = ( i , j ) ( 2 n + l - i , 2 n + l - j ) i f l  < i < j ~ n - 1 ;  

(ii) ~(e~ - en-1) = ( i ,n  + 1)(2n + 1 - i ,n) ;  

(iii) ~ ( e i + e j - e n - l - e n ) = ( i , 2 n + l - j ) ( j ,  2 n + l - i )  i f l _ < i < j ~ n - 2 ;  

(iv) @(ei - en- ,  - en) = (i ,n - 1)(2n + 1 - i ,n  + 2). 

We will let 7(v) denote the unoriented simple closed curve having symplectic 

coordinates v. In all cases considered this will be unambiguous. 

The method of proof is as follows: we have the sets Cn, 1;n, P~ and bijections 

between them. We will show that  the Bn action respects these maps: if a E B~ 

and c~(s, , . . . ,  Sn) = (Z l , . . . ,  Zn), cr Qn) -- ( y l , . . . ,  Yn), then I I / - l ( z i )  : 

~]i for all 1 < i < n and "Y(Yi) E Cn. 

We will have constant need to find dot (symplectic) products of the vectors 

5(yi); it is easily checked that  these are obtained using the following n x n 

anti-symmetric matrix form (see Figure 8 to see that  this is the correct matrix): 

~n = 

0 1 1 1 . . .  1 1 1 
- 1  0 1 1 . . .  t 1 1 
- 1  - 1  0 1 .�9 1 1 1 

: : : " . .  : : : 

- 1  - 1  - 1  - 1  . . .  0 1 1 

- 1  - 1  - 1  - 1  . . .  - 1  0 0 

- 1  - 1  - 1  - 1  . . .  - 1  0 0 j  

So the dot product of two row vectors Vl, v 2 will be vl.v2 = Vl~n vT, where T 

denotes transpose�9 

We note that  these dot products (which are called algebraic intersection num- 

bers) of the symplectic coordinates of elements of C~ are also equal to the 

geometric intersection numbers of the simple closed curves that  they repre- 

sent (when their absolute values are taken). Part  of what we will show below 
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for the proof will be: let c~ �9 / ~  where c~(Q1,. . . ,Q~) = (y l , . . . ,y ,~) .  Then 

(71 ( y l , . . . ,  Yn) : (y ly2yl  1, Yl , Y3,-.-, Yn) where 

(4.3) t t (YlY2Yl  1) -~ a(y2) Jr- ( a (y l ) - a (y2) )a (y l )  

is an element of Vn. The above formula is obtained as follows: if c, d are simple 

closed curves on a closed surface E of genus g, then we let [c], [a~ �9 H I ( E ; Z )  

denote their homology classes. The action of the mapping class group Map(E) 

on E gives rise to a symplectic representation 

Map(E) --+ Aut(H1 (E; Z ) ) -  Sp(2g, Z), 

the action of the Dehn twist T(c) associated to c being given by 

T(c ) (M)  = [d] + (c.d)[c], 

where c.d is the algebraic intersection number of the curves; see [MKS]. 

PROPOSITION 4.1: Let a �9 13n and suppose that a ( Q 1 , . . . ,  On) = ( Y l , . . . ,  Yn). 

Then each simple dosed curve 7(Yi) meets each arc bj at most once. Each 5(y~) 

is in Pn and each 7(Yi) is in Cn. Fhrther, if  a ( s l , . . . ,  s~) = ( z l , . . . ,  zn), then 

ffJ-l(zi) = ~ for all 1 < i < n. 

Proof'. The proof will be by induction on the length of a as a product of 

the standard generators and their inverses, the case a = id being obvious. So 

suppose that  a = a[./~ C /3n, where /3 has shorter length than the length of 

a,  so that  the result holds for /~. Let /3(Q1, . . . ,Qn) = (Yl, . . . ,Yn) and let 

Zi = IIM(Dn)(yi). Let si = IIM(D,J(Qi)  �9 C (Dn) .  

We will again make use of a graph ~t(a), although this time it will not be 

realised in D2n. Suppose that  a ( S l , . . . ,  Sn) = ( z l , . . . ,  zn); then 9.1(a) is defined 

to have vertices 1 , . . . ,  2n and for each zi --- (r, s)(2n + 1 - r, 2n + 1 - s) we 

have two edges between r, s and 2n + 1 - r, 2n + 1 - s (respectively), where 

1 < r • s _< 2n and r + s  ~ 2 n + l .  Let v2~ �9 C(D~) be the involution 

(1, 2n)(2, 2n - 1) . . .  (n, n + 1). The permutation v2n will also act on the graphs 

9,1(a) by permuting vertices. We will let Ei denote the union of the two edges 

of 9.1(a) having label i. 

LEMMA 4.2: The graph 21(a) is connected, invariant under r2n and has a single 

circuit P(a)  of even length which contains the vertices n, n + 1 at diametrically 

opposed points of this circuit. This circuit is also r2n-invariant and the effect of 

r2n is to rotate the circuit. 
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Also, F(a)  -- Y1 U Y2 where Y1 N ]I2 -- {n ,n  + 1},72n(Y1) = Y2, where the 

edges of Y1 from n to n + 1 have labels which are strictly increasing and the 

edges of Y2 from n + 1 to n have labels which are strictly increasing. 

Proof: Since C(Dn) acts transitively on {1~.. . ,  2n} we see that  the graph P2(a) 

is connected. Since ~-2, commutes with each generator (i, j )  (2n + 1 - i, 2n + 1 - j )  

we see that  P2(c~) is T2n-invariant. Note that  each zi is determined by either of 

the two arcs of E~ C P2(~). Thus the arcs in E l , E 2 , . . . ,  En are distinct, there 

being 2n of them. Tha t  there is a single circuit now follows from the fact tha t  

P2(a) is a connected graph with 2n vertices and 2n edges. 

Since the product  zl " "  zn is invariant under the Bn action and is equal to 

H,~ = ( 1 , n + 2 , . . . , 2 n ,  n -  1 , . . . , 3 , 2 ) ( n , n +  1), 

we see that  the edges along one half of F(a)  between n and n + 1 must  have 

increasing labels. This concludes the proof of Lemma 4.2. | 

For the proof of Proposit ion 4.1 we again consider cases. We will have the 

following conventions throughout:  

a = ak~ C l~n, a ( Q 1 , . . .  ,Qn) = ( y l , . . .  ,Yn), Zi = HM(D,)(yi). 

First assume tha t  Yk, Yk+~ commute.  Then Zk, Zk+~ commute  and the effect 

of a[. on (Yl , . . . ,  Yn) and ( Z l , . . . ,  zn) is just to interchange Yk, Yk+l and zk, Zk+l 

(respectively). 

As in the An and Bn cases we may assume that  k = 1. It  will also suffice to 

assume that  we are acting by a 1. 

The proof now consists of checking ten cases, depending on which of the four 

types the vectors Yl, Y2 are. We will do the first four of the ten cases (the cases 

involving a vector ~i of type (i)), and then show how the remaining cases follow 

from these. 

CASE (i), (i): Here we first assume that  a(Yl) = ej,a(y2) = ei where i < 

j < n - 1. First note that  i ~ j ,  since z l , . . .  ,zn is a minimal set of 'reflection' 

generators for C(Dn). Thus i < j < n - 1  and so a(yl) .a(y2) = ej.ei = - 1 .  Now 

zi = q)(Yi), so that  Zl = ( j , n + 2 ) ( 2 n + l - j , n - 1 ) , z 2  = ( i , n + l ) ( 2 n + l - i , n - 1 ) .  

If a(yl)  = ej,ft(y2) = ei, then by (4.3) the coordinates of a l ( y l , y2 , . . . )  are 

(a(ylY2yl ) , e j , . . . )  -~ (el - ~ j , e j , . . . ) ;  we note tha t  e~ - ej e "12n (as required), 

tha t  the simple closed curves 7(ei) ,7(ej)  meet in a single point and tha t  the 

curve T('/(ej))(7(e~)) has symplectic coordinates e~ - ej. Thus this situation 

works. 
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We now show tha t  the  case 0~(yl) = ei ,~(y2) = ej where i < j < n -  1, so 

t ha t  Zl = ( i , n  + 1)(2n + 1 - i , n -  1),z2 = ( j , n  + 2)(2n + 1 - j , n  - 1), is not  

possible. This  will follow f rom a more  general  result:  

LEMMA 4 . 3 : I f / 3  E ~n a n d / 3 ( s l , . . .  , s~)  = ( z l , . . .  ,z~),  then for 1 <_ k < n we 

cannot  have ei ther  o f  the  fol lowing three cases: 

(1) z k = ( i , 2 n + l - - u ) ( 2 n + l - - i , u ) ; z k + l  = ( j ,  2 n + l - - u ) ( 2 n + l - - j , u ) ,  

(2) zk = ( i , j ) ( 2 n  + 1 -- i , 2 n  + 1 - - j ) ; z k + l  = ( i ,2n  + 1 -- u ) (2n  + 1 -- i , u ) ,  

(3) zk = ( j , 2 n + l - - u ) ( 2 n + l - - j , u ) ; z k + l = ( i , j ) ( 2 n + l - - i , 2 n + l - - j ) ,  

w h e r e /  < j  < n , i  < u < n , u  # j .  

Proos As in the  above we m a y  assume t h a t  k = 1. We will first show tha t  (1) 

is not  possible. 

T h e  proof  will be accompl ished by showing tha t  

( i , 2 n + l - u ) ( 2 n + l - i , u ) •  2 n + l - u ) ( 2 n + l - j , u ) •  

H~ = ( 1 , n +  2 ,n  + 3 , . . . , 2 n ,  n -  1 , n -  2 , . . . , 3 , 2 ) ( n , n +  1), 

where each z~ has  the  form ( r , s ) ( 2 n  + 1 - r, 2n + 1 - s) and 91(/3) satisfies the  

conclusions of L e m m a  4.2. Since the  endpoints  of E l ,  E2 are i , j ,  2n + 1 - u 

n, n + 1 we see f rom L e m m a  4.2 t ha t  E l ,  E2 are not  edges of F(/3). I t  follows 

f rom L e m m a  4.2 t ha t  we have one of the  cases shown in Figure  9 (i), (ii), (iii), 

each of which we now consider. 

Suppose  we have Figure  9 (i). Here we write each Ei = E~I) U E~ 2) as a union 

of two edges, as shown in Figure  9. Then  

2n + 2 -  u = ( 2 n  + 1 - u)Hn 

= ( 2 n  + 1 - u ) ( i , 2 n  + 1 - u ) (2n  + 1 - i , u )  

• (j, 2 n +  1 - u ) ( 2 n +  1 - j , u ) z 3 . . . z ~  

= ( i ) z 3 . . . z n ,  

and so the ver tex  2n + 2 - u belongs to a componen t  of the closure of  91(/3) \ E~ 1) 

which does not  contain F(/3); see Figure  9 (iv). Now act  by II~ again. Since 

2 n  + 3 - u = (2n  + 2 - u ) n n  = ( 2 n  + 2 - u ) z 3 . . . z n  

we see t ha t  the  ver tex  2n + 3 - u also belongs to a componen t  of the  closure of  

91(/3) \ E~ 1) which does not  contain F(/3). Note  t h a t  i < u implies 2n + 1 - u < 

2n + 1 - i. We now repea t  this a rgument ,  thus showing t h a t  all of the  vert ices 

labeled 2n + 3 - u, 2n + 4 - u , . . . ,  2n + 1 - i belong to a componen t  of the  closure 
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of 92(fl) \ E~ 1) which does not contain r(fl). However, this contradicts the fact 
that the vertex 2n + 1 - i is in the component of the closure of 9.1(/3) \ E~ 1) which 
does contain F(fl) (see Figure 9 (i)). This shows that the situation in Figure 9 
(i) is not possible. 

E (1) 

\ /... E(2) 
~ _ ~ 2 n + l ~ E  :2) 

. . . .  ~ u ~ . ~ n + l - i  

(iii) 2 . ~  

E " 

(V) 2n+ l-i 

l 

~'~ / i  ~12 
""~E.  n+l 2 

E (1) 
J ~ x , .  E1 (1) 

r(l~) 

\ /-..~ e:2) 

2n+l-j 
~t 2 1  n + 2"u E (1) 

E (1) 
2 n + ~  

r(~) 

\ /'... E (2) 
~ . . _ ~ 2 , , +  I - j ~ E / 2 )  + 

" u ' ~ 2 n  l-i 
\ 

~ u - 1  

(vO 

\ ~ 2n+1-i 

~n-I El 

n+l 2 

Figure 9. 

For Figure 9 (ii) we consider a similar argument, only we look at the image 

of j .  Then, since j > i _> 1, it follows that 

j -  1 = (j)II,~ = (2n + 1 - u)z3...zn 

is in a component of the closure of ~[(/3) \ E~ 1) which does not contain F(/3). 
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We act  again by IIn,  to  see tha t  j - 2 is also in a componen t  of the closure of  

9.1(/3) \ E~ 1) which does not  contain F(/3). Cont inuing in this way shows tha t  

(since i < j )  the vertex labeled i is in a componen t  of  the closure of  9/(/3) \ E~ 1) 

which does not  contain F(/~). This is a contradic t ion (see Figure 9 (ii)). 

For Figure 9 (iii) we consider the image o f / .  We have (/)l-In = i - 1 if i > 1. It  

follows tha t  the vertex labeled i -  1 is in a componen t  of the closure of 9,1(/3)\ E~ 1) 

which does not  contain the vertex 2 n + l - u .  Now i < j and so i - 1  < j .  I t  follows 

tha t  act ing by IIn again we see tha t  i - 2 is also in a componen t  of the closure 

of 9/(/3) \ E~ 1) which does not  contain the vertex 2n + 1 - u. Repeat ing  as many  

times as necessary we see tha t  1 and then n + 2 = (1)IIn, n + 3 , . . . ,  2n + 1 - u 

are in a componen t  of the closure of  92(/3) \ E~ 1) which does not  contain the 

vertex 2n + 1 - u. This is a contradict ion.  This concludes the proof  of L e m m a  

4.3 (1). 

Now note tha t  if (Zl ,Z2, . . .  ,Zn) is not  possible, then nei ther  is al  (Zl,Z2,. . .  ,z,~), 

or a l ] ( Z l , Z 2 , . . . , z n ) ;  one checks tha t  these cases show tha t  (2) and (3) of 

L e m m a  4.3 are also not  possible. | 

To show tha t  Zl = ( i , n + l ) ( 2 n + l - i , n -  1),z2 = ( j , n + 2 ) ( 2 n + l - j , n - 1 ) ,  

1 _< i < j < n -  1, is not  possible we apply (1) of the above result  with u = n -  1. 

This concludes the proof  of all (i) (i) cases where j < n - 1. 

Next suppose tha t  i < j = n - 1. There  are two cases to  consider: 

(a) a(y2) = en- , ,~ t (y , )  = ei; or (b) 5~(y2) = e i ,~(y l )  = en-1.  I f  we have 

(a), then z2 = ( n -  1 ,n ) (n  + 1 ,n  + 2) ,z l  = ( i ,n  + 2)(2n + 1 - i , n -  1) and we 

need to show tha t  ZlZ2Z3 �9 .. Zn ~ Iln. But  in this case E2 has n and n + 1 as 

vertices and E1 n E2 ~ 0; it follows from L e m m a  4.2 tha t  E l ,  E2 must  be edges 

of  F(/3) and so we have the s i tuat ion shown in Figure 9 (v). This contradicts  

L e m m a  4.2 unless i = n, which is also not  allowed since i < j = n - 1 < n. 

Thus  (a) is impossible. 

If  we have (b), then we have 

z l = ( n - l , n ) ( n + l , n + 2 ) ,  z 2 = ( i , n + 2 ) ( 2 n + l - i , n - 1 ) ,  

= = 

so tha t  - -1 a(ylY2Y] ) = ei + (en- l . e i )en-1  = ei - en-1 E •n. One now checks 

tha t  the curves 7(Yl),7(Y2) meet  in a single point  and tha t  the symplectie 

coordinates  of  T(v(~l ) ) (7(g2))  are ei - e n - 1  as required. We also have z l z2z l  = 

(i, n + 1)(2n + 1 - i, n) = ~(e i  - en-1).  This concludes case (b) and so the case 

j = n - 1 .  

Now i f j  = n and z2 = ( n -  1 , n + l ) ( n , n + 2 ) , z l  = ( i , n + 2 ) ( 2 n +  1 - i , n -  1) 
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then we again need to show tha t  Z l Z 2 Z 3 - - - z n  # IIn. This t ime L e m m a  4.2 

forces the s i tuat ion shown in Figure 9 (vi), which again gives a contradict ion.  

Lastly, i f j  = n and zl = ( n - l , n + l ) ( n , n + 2 ) , z 2  = ( i , n + 2 ) ( 2 n + l - i , n - 1 )  

then a(Yl) = en, ~(Y2) = ei, f rom which we have ~t(ylY2Y~ 1) = ei + ( en . e i ) en  = 

ei -- en ~ ))n and ZlZ2Zl = ( i , n ) ( 2 n  + 1 - i , n  + 1) = ~ ( e i  - en)  as required. 

This concludes the p roof  of  case (i), (i). 

CASE (i), (ii): Here we first assume tha t  a(Yl) = ei,~(y2) = ej  - ek ,  where 

1 < j < k ~ n -  1, and ( j ,k)  # ( n -  1,n).  

The  first s i tuat ion to consider is where i < j < k. Note tha t  in this case we 

have ei.(ej - ek)  = 0 and 

z l  = ( i , n + 2 ) ( 2 n +  l - i , n - 1 ) ,  z 2 = ( j , k ) ( 2 n + l - j ,  2 n + l - k ) .  

Note tha t  these two permuta t ions  commute  and also tha t  the effect of al  on 

Yl ,Y2  is to  interchange them since the simple closed curves 3,(~1),~/(~2) are 

disjoint. Thus  this case works and the case ~(y~) = ei, ~(Yl) = e j  - e k ,  i < j < k ,  

follows similarly. 

Consider the case where ~t(yl) = e~, a(Y2) = e j  - ek and i = j .  Then  we 

have ei . (e i  - ek)  = --1. Now if a(Yl) = ei, ~(Y2) = ei - ek,  then ~t(y ly2y~ 1) = 

(ei - e k )  - - e i  = - -ek ,  which (up to  sign) is in Fn, as required. Further ,  one checks 

tha t  the curves "~(~1), 7(Y2) corresponding to  Yl, Y2 meet  in a single point  and 

tha t  ~(T(~/(~l))(~y(~32))) = ek, as required. Lastly, we see tha t  

z l z 2 z ~  1 = ( i , n  + 2)(2n + 1 - i , n -  1) ( i ,k ) (2n  + 1 - i , 2 n  + 1 - k) 

• ( i , n + 2 ) ( 2 n + l - i , n - 1 )  

= ( k , n  + 2 , 2 n  + 1 - k , n -  1), 

as required for the bijective correspondence.  

Cont inuing with the case where i = j we now show tha t  we cannot  have 

~t(yl) = ei - e k , ~ t ( y 2 )  = e~. Here we would have 

z l = ( i , k ) ( 2 n + l - i , 2 n + l - k ) ,  z 2 = ( i , n + 2 ) ( 2 n + l - i , n - 1 ) .  

T h a t  this never happens  is a special case of Lemma 4.3 (2) (with u = n - 1 and 

j = k). 

This concludes the discussion of  the cases where i = j in case (i), (ii). 

Next  consider the case j < i < k. Then  e i . ( e j  - ek)  = --2 and we show tha t  

this case cannot  occur. Here we would have zl = (j, k ) ( 2 n +  l - j ,  2 n +  1 - k ) ,  z2 = 

(i, n + 2)(2n + 1 - i, n - 1) or the other  way around;  since these permuta t ions  
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commute  it does not  ma t t e r  which we consider. T h a t  this case does not  occur 

will follow from 

LEMMA 4.4: Ifc~ r ~n and o~(Q1, . . . ,  Qn) -- ( y l , . . . ,  Yn), then for  1 < k < n we 

cannot have zk = (j, m ) ( 2 n +  1 - j ,  2 n + l  - m ) ,  zk+l = (i, 2 n + l  - - u ) ( 2 n +  1 --i,  u) 

(or the other way around) where j < i < m < n, 1 _< u < n, i < u ~ m. 

Proof." As in the above we may assume tha t  k = 1. 

Note tha t  from the conditions on i,j, m, u we see tha t  nei ther  of E l ,  E2 have 

n, n + 1 as vertices and so the edges of E l ,  E2 are not  edges of F(/3). Thus  91(/~) 

looks like one of Figure 10 (i), (ii). 

2n+- Ea) 

i-I "-- E (1) 

2n 2n+ l-u " ~  

i i 

(iii) (iv) 

E (1) 

O0 

Figure 10. 

If we have Figure 10 (i), then 1 < j < i and i - 1  = (/)l-in = (2n+l-u)z3...z~ 
shows tha t  the ver tex i - 1 is in a component  of 92(/3) \ E~ 1) which does not  

contain F(/3); see Figure 10 (iii). Applying IIn again we see tha t  i - 2 is in a 

component  of 92(/3) \ E~ 1) which does not  contain F(/3). Continuing,  we see tha t  

j is in a component  of 91(fl) \ E~ 1) which does not  contain F(/3). Thus  we either 

have the s i tuat ion shown in Figure 10 (iv) or t ha t  in (v). If we have (iv), then  

we similarly show tha t  j - 1 is in a component  of P2(~) \ E~ 1) which does not  

contain F(/3). We continue applying II to observe tha t  j - 2 , j  - 3 , . . . ,  2, 1 are 

all in a component  of 92(/3) \ E~ 1) which does not  contain F(/3) and then tha t  
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n + 2, n + 3 , . . . ,  2n + 1 -- k are all in a component  of P.I(~) \ E~ 1) which does not  

contain F(/3). This is a contradict ion,  since 2n + 1 - k = ~'2n(k) is certainly in 

a componen t  of ~ (~)  \ E~ 1) which does contain F(/~). 

The  case of Figure 10 (v) is similar: we consider k - 1 = (k)IIn,  seeing tha t  

k - 1 is in a component  of ~(/~) \ E~ 1) which does not  contain F(/3). Then  it 

follows tha t  k - 2, k - 3 , . . . ,  i + 1, i are all in a component  of ~ (~)  \ E~ 1) which 

does not  contain F(~),  this being a contradict ion.  This concludes the  discussion 

of Figure 10 (i). 

If  we have Figure 10 (ii), then,  by considering the image of  2n + 1 - u, it 

similarly follows tha t  2n + 2 - u is in a component  of ~ (~)  \ E} 1) which does not  

contain F(/~); and then tha t  2n + 3 - u , . . . ,  2n + 1 - i are all in a component  

of  9.1(/3) \ E~ 1) which does not  contain F(/~). This  contradic t ion concludes the 

proof  of L e m m a  4.4 and so of the case j < i < k (where we have u = n - 1). 

| 

Now assume tha t  i = k; as in the above this case amounts  to showing tha t  we 

cannot  have Zl = (k, n + 2)(2n + 1 - k, n - 1), z2 = (j, k)(2n + 1 - j ,  2n + 1 - k), 

and the proof  of this follows the same lines as tha t  in the (i), (i) case where we 

used Figure 9. 

Lastly, the case i > k is similar to  the case i < j .  This concludes all of the 

(i), (ii) cases except for the s i tuat ion where k = n - 1. 

If  k = n - 1, then the  corresponding pe rmuta t ion  is (j, n + 1) (n, 2n + 1 - j ) ,  so 

tha t  the corresponding edge of 92(/~) is an edge of F(/~). One now easily checks 

this case using diagrams similar to  Figure 9 (v), (vi). This concludes the case 

(i), (ii). 

CASE (i), (iii): Here we assume tha t  a(Yl) = e~,a(y2) = e j  + ek  -- e ,~ - i  -- en  

where 1 _< j < k < n -  1; then we have z l  = ( i , n  + 2)(2n + 1 - i , n -  1),z2 -- 

( j ,  2 n  + 1 - k ) ( k ,  2 n  + 1 - j ) .  

Consider first the s i tuat ion where i < j .  Then  e i . ( e j  + ek - e n - 1  - en)  = 0 

and zl,  z2 commute .  One also checks tha t  7(Yl), 7(92) have zero geometr ic  

intersection number .  Thus  all t h a t  happens  in this case is t ha t  the labels 1,2 

are interchanged.  This does this case. 

Next  consider where i = j .  Here e j . ( e j  --k ek - en-1 - en) -- - 1  and if 

z l  = ( j , n  + 2)(2n + 1 - j , n -  1),z2 = (j, 2n + 1 - k ) ( k , 2 n  + 1 - j ) ,  then one 

checks tha t  ~ t ( y l y 2 y ~  1) -- ek - e n - 1  - e n  C ])n; t ha t  7(Yl) meets 7(Y2) in a single 

point;  tha t  - ( T ( y ( y l ) ) ( ~ / ( y 2 ) ) )  = ek - e n - 1  - e , ~ ;  t h a t  z l z 2 z l  = qJ(ek --en-1 --en) 
and so tha t  this case works. So we now have to show tha t  the s i tuat ion Zl = 

(j, 2n + 1 - k)(k, 2n + 1 - j ) ,  z2 = (j, n + 2)(2n + 1 - j ,  n - 1), is not  possible. 
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LEMMA 4.5: I r a  �9 Bn and a (Q1 , . . .  ,Qn) = (y l , - - - ,yn) ,  then for 1 <_ k < n 

we cannot ha, ve 
(1) z k = ( j ,  2 n + l - k ) ( k , 2 n + l - j ) , Z k + l = ( j ,  2 n + l - u ) ( 2 n + l - j , u ) ,  

(2) Z k = ( k , u ) ( 2 n +  l i k ,  2 n +  l - u ) ; z k + l = ( j ,  2 n +  l - k ) ( k ,  2 n +  l - j ) ,  

(3) z k = ( j ,  2 n +  l - - u ) ( u ,  2 n +  l - - j ) ; z k + l  = ( k , u ) ( 2 n + l - k , 2 n + l - u ) ,  

where j < k < n, 1 <_ u < n, k < u. 

Proof.' As in the above we may assume that  k = 1. We first do (1). 

Note that  neither of El,  E2 have n, n + 1 as vertices and so El ,  E~ are not 

edges of F(a).  Thus 92(a) looks like one of Figure 11 (i), (ii), (iii). 

E (1) 

\ ~ E (2) 
\ E:': 

k~ E (#) 

u ~ E  fO 

2n+ l-u 

E (s) / Ju - s  

~ 2 n + 2  u E2 :(2) 2n+l-k 

Figure 11. 

If we have Figure 11 (i), then u - 1 =- (u)II n ~- (2n + 1 - j )z3. . . z  n is 

in a component C of P.I((~) \ E~ 1) which does not contain F(c~) as shown in 

Figure 1 1 (iv). Now j < u and so continually acting by IIn shows that  each of 

u - 1,u - 2 , . . . , j  + 1,j  is in C. This is a contradiction as j is clearly not in 

C (see Figure 11 (i)). The exact same argument shows that  Figure 11 (ii) does 

not occur either. 
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Now assume t h a t  we have Figure  11 (iii). Then  k -  1 = (k)Hn = ( u ) z 3 . . . z n  is 

in a componen t  C of 91(a) \E~ 1) which does not  contain  F(c~). Since k < u, act ing 

by Hn shows tha t  k - 1, k - 2 , . . .  , j  + 1 , j  are all in C. This  is a contradict ion.  

This  proves  (1), and (2), (3) follow as in L e m m a  4.3 by act ing by a l ,  a~ -1 
| 

L e m m a  4.5 (1) concludes the  proof  of the  i = j subcase  of case (i), (iii). 

Now consider the s i tua t ion  j < i < k. Then  we have e i . ( e + j + e k - - e n - 1  --en) --= 

--2 and so we need to  show tha t  the  case zl = (i, n + 2)(2n + 1 - i, n - 1), z2 -- 

(j, 2 n +  1 - k ) ( k , 2 n +  1 - j ) , l  _< i < j < k _< n -  2 cannot  occur  (noting t ha t  

Zl, z2 commute) .  This  follows f rom the following result  whose proof  is similar  

to t h a t  of  L e m m a  4.4. 

LEMMA 4 . 6 : I f / 3  E 13n and  a ( Q 1 , . . . ,  Qn) = ( y l , . . . ,  Yn), then  for 1 <_ k < n we 

canno t  have  zk ---- (i, 2n + 1 -- u) (2n + 1 -- i, u),  zk+l = ( j ,  2n + 1 -- m )  (2n § 1 -- j ,  m)  

(or the  other  way  around)  where  j < i < m < n -  1,1 < u < n , m  < u < n.  

This  does the  case j < i < k, so next  consider the case i = k. Here 

ek . (e j  § ek -- en -1  -- en) ---- --3 and  so we need to show tha t  

z l  = ( k , n +  2 ) ( 2 n +  l - k , n - 1 ) ,  z 2 = ( j ,  2 n +  l - k ) , ( k , 2 n +  l - j )  

cannot  occur.  The  techniques in t roduced  so far suffice for this case as they  do 

for the case k < i. This  concludes case (i) (iii). 

CASE (i), (iv): Here Vl -- a(Yl) -- ei, v2 -~ 5(y2) -= ej  - en-1  - en and we first 

consider the  case i < j .  T h e  corresponding pe rmuta t ions  are 

zl  = ( i , n + 2 ) ( 2 n §  z 2 - - ( j , n - 1 ) ( 2 n + l - j , n §  

Here Vl.V2 = - - 1  and dealing with this case amoun t s  to showing tha t  we cannot  

have zx, z 2 , . . ,  with zi as above (one can easily show tha t  the  case a(y2) = ei, 

a (y l )  -- ej  - en -1  - en is allowed). This  follows f rom L e m m a  4.5 (3). 

Now assume tha t  i = j .  Then  we have vl.v2 = - 2  and we mus t  show tha t  we 

cannot  have 

z 1 : (/ ,rt  -t- 2)(2n + 1 -- i , n  -- 1), z2 = ( i , n  -- 1)(2n + 1 -- i , n  + 2) 

(or the  o ther  way around) .  Bu t  the  pe rmu ta t i ons  zl ,  z2 correspond to edges of 

9.1(c~) which form a cycle: Ex U E2 = F(~) .  However,  this cycle does not  contain  

the  vert ices n, n + 1 and  this cont radic ts  L e m m a  4.2 and so does this case. 
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Now assume that  j < i < n - 1. Then we have vl.v2 = - 3  and we need to 

show tha t  these cases never arise. The proof of this case is similar to that  of 

Lemma 4.3 and is left to the reader. 

If i = n -  1 > j ,  then 

Z1 = ( n  - -  1,n)(n  + 1,n + 2), z2 = ( j ,n  - 1)(2n + 1 - j , n  + 2). 

Since n is a vertex of E l ,  it easily follows tha t  both  E1 and E2 are contained 

in F(/3), but  that  E1 U E2 # F(/3). One now considers the image of j ;  this is in 

a component  C of 91(/3) \ {n - 1} and applying Fin shows tha t  C also contains 

j - 2 , . . . ,  3, 2, 1, n + 2, which is a contradiction. 

If i = n, then 

z l = ( n - l , n + l ) ( n , n + 2 ) ,  z ~ = ( j , n - 1 ) ( 2 n + l - j , n + 2 ) ;  

again E1 and E2 are contained in F(/3), but E1 U E2 # F(/3). Considering the 

image of 2n + 1 - j under Fin we see tha t  2n + 2 - j belongs to a component  C of 

91(/3) \ {n + 1}. Applying [In shows that  C also contains 2n + 3 - j , . . . ,  2n, n - 1, 

a contradiction. 

This concludes case (i), (iv) and so all cases with (i). 

We now show how to reduce any other case to one of these. To do this we 

note that  we can conjugate by the product  Tn = T1 "" �9 Tn of the corresponding 

symplectic transvections. We will calculate this below. Thus to conclude the 

proof we will need to show tha t  each of the vectors of types (ii) (iv) is in the 

T~-orbit of some vector ei, 1 < i < n. 

Now to find T~ we first note that  each Ti differs from the identity matr ix  in 

a single column: 

I 0 0 
- 1  1 0 

T I =  0 0 1 ( 00 
1 1 

T 3 =  0 1 
0 - 1  

(i ~ 
Tn-1 -- . . .  

\ 
�9 " ' /  

/ 
. . . 

. . . 

� 9  

. . . 

O . . . .  i /  

i i 
0 1 0 ~  
0 0 1 /  

(!1ol o ) 
T 2 =  - 1  1 , 

1 0 �9 

0 1 

. . .  0 0 
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It  then easily follows tha t  

0 
- 1  
0 
0 

T ~ =  : 

0 
0 
0 

their product  is 

0 0 0 . . .  0 - 1  1 1 
0 0 0 . . .  0 - 1  1 1 

- 1  0 0 . . .  0 - 1  1 1 
0 - 1  0 . . .  0 - 1  1 1 
: : : : : : : 

0 0 0 . . .  - 1  - 1  1 1 
0 0 0 . . .  0 - 1  1 0 
0 0 0 . . .  0 - 1  0 1 

We thus need to show that  each of the vectors of types (ii) (iv) is the kth row 

of some power T~ m for some k. 

Now one checks that  •  - e j ) , i  < j < n is a row of T~-i, as is 

"[-((3 i - -  e n _  1 - -  C n )  ; that  +(el + e n - l - k  - -  e n - 1  - -  C n )  i s  a r o w  of T~ for 

i < n -  1 - k  < n - 2 .  This covers all cases and concludes the proof of 

Proposit ion 4.1 and so of the Dn case of Theorem 1.1. | 

The cases /3 ,  In, F4, E6 are all calculated using [MA] as is Theorem 1.2. 

5. P r o o f  o f  T h e o r e m  1.3 

Let G = (g),g = ( g l , . . . , g n ) ,  be any finitely generated group. Let F = (x), 

x = ( x l , . . .  ,xn) be the free group of rank n and ira: F ~ G, Tr(xi) = g~, the 

quotient map. Let Bn(x),/3n (g_) denote the orbit of x, g_ (respectively) under the 

Hurwitz action. Then we have the permutat ion representation 

PG: Bn --'~ Sym(Bn(g_)). 

Let P c  denote the image of PG. Note tha t  PF is injective [Bi] and we will 

identify PF with Bn. 

The epimorphism 7r: F --+ G induces an epimorphism 

7r~: ~~ --+ •G, 

and we let M o  denote the kernel of Try. Then for a E M G  we have 7ra(a(xi )x(  1 ) 

= 16, so tha t  a(xi)x-(  1 E K = ker(Tra). Let 

RG = {a(x~)x~-l: a E M G ,  1 < i < n}, 

and let /~G denote the normal closure of R e  in F and put Q = F/f~G. Then 

we have R e  C_ K and so we have an epimorphism 7r: Q -+ G. 
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We next show that  Q is an infinite group. Let 4: F --+ Z be the epimorphism 

defined by ~(xi) = 1 for i ~_ n. Let N = ker(~), so that  N consists of all words 

in F with zero exponent. Note that  for a E Bn the word a(xi)x:(  1 has zero 

exponent and so is in N.  Thus RG C N and so/~G C N.  Since N has infinite 

index in F it follows t h a t / ~ c  has infinite index in F.  Thus Q is infinite. 

Now ~: Q --+ G induces an epimorphism XG: PQ -+ Po .  To prove Theorem 

1.3 it will suffice to show that  XG is injective, which we now prove. 

There is another  epimorphism XQ = 7~: :PF --+ PQ, induced by the epimor- 

phism F --~ Q, such that  XG~(Q ---- PG. Let c~Q E ker XG. Since XQ is onto there 

is some a F  E PF with XQ(aF) = aQ. Then 

po(c~F) = XGXQ(C~F) = XG(aQ) = 1, 

so that  a F  E kerpG. It  follows tha t  7rG(aF(xi)x~ -1) = 1 for all i _< n, so that  

a F  E A/lc and thus aF(xi)x~ -1 E RG C / ~ c .  It  follows tha t  c~F C kerxQ so that  

OL G = XQ(aF) = 1, as required. | 
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