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ABSTRACT

We prove that (with two possible exceptions) the Hurwitz braid group
action on the sequence of standard generators of an irreducible Artin
group has a finite orbit if and only if the Artin group is of finite type
(i.e., the corresponding Coxeter group is finite).

1. Introduction
For n > 2 and an n X n integral symmetric matrix M = (my;), where m;; =
1,mi; > 2,1 <4 # 35 <n, we define two groups:
C(M)=(s1,...,50|85,...,52,(s:8;)™, 1 <i#j<n)
AM) = (t1, ..., ta|m(ts, tg,myy) = w(ty, ti,me ), 1 <i# j <n).
Here m(t;,t;,m;;) is the product ¢;t;t; - - - of length m;; and C(M) and A(M)
are called the Coxeter and Artin groups (respectively) associated to M.

Here sy,...,s, and #1,...,t, are called the standard generators for C{M)
and A(M). There is an epimorphism

Mpr: AMY - C(M); Tpy(t) =84,1<i<n.

If C(M) is a finite group, then we say that C(M) and A(M) have finite type.
The Coxeter or Artin group will be called irreducible if there is no non-trivial
partition {1,...,n} = X UY where m;; = 2foralli € X,j € Y. Thereis a
well-known classification [Hu, GB] of finite irreducible Coxeter groups, each such
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corresponding matrix being (associated to a graph) in one of the finite number
of families A,, By, Dy, Ep, Fy, Gy, H, = I, indicated in Figure 1. Here the
vertices of the graphs are labeled 1,...,n and the matrix associated to such a
graph has ¢7 entry 2 if there is no edge between vertices 7, j; 3 if there is an
unlabeled edge between vertices ¢,7; k if there is an edge labeled k¥ between
vertices ¢, J. The corresponding matrix will be denoted M(A,), M(B,),... and
the groups by C(A,),C(B,),...,A(An), A(B,),. . ..

A,,,n>1'o, o0—0> O0—0—0 O—O0—0—=0:--"

Bn,n>20 Q>
D,, n>4>o—o Z>o_o—o >o—o—o—c
Hf,n>5n+6o 0, 0, 0,

G,: b0 L: o->—o0—0 I, o0—0—o0——0

Figure 1.

The group A(Ap—1) is known as the braid group B, on n strands and has many
manifestations and applications [Bi]. In this paper we are concerned with the
action of B,, on n-tuples of a given group G. The braid group B, has standard
generators also denoted by oy,...,0,-1. Here g; acts on (gy,...,9,) € G" is
as follows:

Ui(' -y 9i-1,9i, 9i+1, 942, - - ) = ( .. 7gi—17gigi+1gi-1’givgi+2v .. ‘)7
Ui_l(- <3 9i—-1,8i5 9i+1, 942, - - -) = ( .- ,91'—1,gz‘+1,9i_+1191‘gi+1,gi+2, .. )

(1.1)

This is called the Hurwitz braid group action and has the property that it
preserves the Coxeter element: I1,,(g1,...,9x) = g192 - - - gn- For applications
of the Hurwitz braid group action see for example [Br, M, CP, CW, Hur, Lo, MT,
Co, CMW]. Of course, if the group G is finite, then any element (g1,...,9n) €
G™ has a finite orbit and so determines a finite permutation representation of



Vol. 143, 2004 FINITE HURWITZ ACTIONS 191

B,. Even in the case where the orbit is not finite one can sometimes characterise
the image; for example, if G = Hj is the integral 3 x 3 Heisenberg group with
generators a = Ej2,b = Eo3,c = Ej3, then the action of B3 on the orbit of
(a,b,c) is an extension of S3 by Z?3 (here E;; is the matrix differing from the
identity only in the ¢j position, which is a 1). We noted in [Hum] that one can
sometimes get a finite orbit for a particular sequence of generators of G even if
the group G is infinite.

In this paper we look at a special case where G is infinite, namely where G is
itself an Artin group.

In [Hum)] we considered the Hurwitz action on n-tuples of Euclidean reflections
and proved:

(1) Letn > 3,v1,02,,...,0, € R* with vy, ..., v, linearly independent. Then

the Bp-orbit of (ry,,7y,, ..., 7y, ) is finite if and only if the group

Py s Twgy e o> Tu, )

is finite if and only if the element I1,(ry,,Ty,, .-, T, ) = Tv, Ty - - - Ty, has
finite order. Here r, is the reflection associated to the vector v € R \ {0}.

(2) Let n > 1 and let W = (S) be a finite reflection group. If W has type A,
or B, then B, acts transitively on S(W), the set of conjugacy classes of n-
tuples of reflections generating W. If W has type D,,n > 4, then B, (D)
has n — 2 orbits for its action on S(W). These orbits are distinguished
by their Coxeter elements (which are not conjugate). The other cases are
also determined.

(3) Consider the B, action on §({S)) where (§) = S,41. Then the action
gives a representation of B,, of degree (n + 1)"~2 which is 2-transitive for
alln > 3. If (n+1)"2 is not of the form

q¢* -

qg—1

where ¢ is a prime power, then the B, action is that of the symmetric or
alternating group of degree (n +1)"2.

q, (ford>2), 2971(2¢+1) (ford>3),

For any G, if (g1, ..., gn) is a sequence of generators for G whose orbit under
the Hurwitz braid group action is finite, then we will call the elements that
occur as entries in this finite orbit special Hurwitz generators. In this paper
we consider the Hurwitz action on certain n-tuples of elements of Artin groups.
The case n = 2 is trivial.

Although the groups B,, and A(A,—_1) are isomorphic we will adopt the follow-
ing convention: we will use B,, to denote the braid group acting on G" with the
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Hurwitz action as described above, while A(A,) will denote one of the groups
G such that B,, acts on G™.

THEOREM 1.1: Let n > 3. Let A(M) be an irreducible Artin group with stan-
dard generators ty,...,t,. Then (with the possible exception of types E;, Eg)
the Hurwitz braid group action on the n-tuple (t1,...,t,) has a finite orbit if
and only if A(M) is of finite type.

For type Ar, we get (n+1)""! elements in the orbit. There are ("}') special
Hurwitz generators in this case.

For type B, we get n™ elements in the orbit. There are n? special Hurwitz
generators in this case.

For type D,, we get 2(n—1)" elements in the orbit. There are n(n—1) special
Hurwitz generators in this case.

For type I3 we get 50 elements in the orbit. There are 15 special Hurwitz
generators in this case. The image of Bz gives a permutation group of order
5% x 10!; there is a set of blocks of size 5 on which the action is that of Sig.

For type 14 we get 1350 elements in the orbit. There are 60 special Hurwitz
generators in this case. The image of By gives a permutation group of order
1589 x 90! there is a set of blocks of size 15 on which the action is that of Sgg.

For type Fy we get 432 elements in the orbit. There are 24 special Hurwitz
generators in this case. The image of By gives a permutation group of order
920310

For type Eg we get 41472 = 2°3* elements in the orbit. There are 36 special
Hurwitz generators in this case.

We note that in all of the above cases of type X,, the number of special
Hurwitz generators is equal to the number of positive roots in a root system of
type X, [Hu; p. 80].

In the Coxeter group/reflection group case we showed in [Hum] that certain
types X, had many different sequences of n generating reflections that gave
different B,, orbits. These sequences generally had non-conjugate Coxeter ele-
ments. In the Artin group case we have similarly been able to show that there
are other sets of sequences of conjugates of the generators ti,...,¢, that give
different finite B,, orbits. These sequences are not necessarily a set of generators
for the Artin group. We list some of these in

THEOREM 1.2: For type Ds the orbit of (a,b,c,d,b~'clech) has 2592 = 2 x 6*
elements. There are 20 special Hurwitz generators in this case. The image of
Bs gives a permutation group of order 1221% x 216!; there is a set of blocks of
size 12 on which the action is that of Agg.
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For type I the orbit of (a,b,c 1b"'a~'cbc'abc) has 54 elements. There are
15 special Hurwitz generators in this case. The image of Bs gives a permutation
group of order 68 x 9!; there is a set of blocks of size 6 on which the action is
that of Ag.

For type I3 the orbit of (a,c,c” b~ *a"'cbc tabc) has 50 elements. There are
15 special Hurwitz generators in this case. The image of B3 gives a permutation
group of order 5° x 10!; there is a set of blocks of size 5 on which the action is
that of Sig.

These computations were carried out using Magma [MA].
The following gives a connection between Hurwitz actions on finite groups
and isomorphic actions on infinite groups.

THEOREM 1.3: Let G be a group generated by g = (g1,...,9n). Then there
is an infinite group Q) with generators ¢ = (q1,...,qn) and an epimorphism
m Q — G,n(¢;) = gi,1 < n, such that the By action on the orbit B,(q) and
the B, action on the orbit B, (g) are permutation isomorphic, this isomorphism

being induced by w. In particular, B,(q) is finite if G is finite.

2. The A, case

In this section we prove Theorem 1.1 for A(A,). However, we first note that
if A(M) is not of finite type, then the corresponding Hurwitz action on the
n-tuple (t1,...,t,) does not have a finite orbit. This follows from [Hum] since
Iy is a B, epimorphism and Iy (¢y,...,¢,) = (S1,- .., $,) has an infinite orbit
[Hum; Theorem 1.1]. We thus see that the Hurwitz action on (¢y,...,%,) must
also have an infinite orbit.

So now assume that M has type A,,. Then t; = 04,1 < ¢ < n. Recall [Bi]
that we can faithfully represent the braid group B,+1 = A(A4,) as the mapping
class group of the n + 1-punctured disc D, 41 with punctures 71,...,7p41, SO
that o; is a half-twist about an arc a, joining the punctures m;, 7;41. See Figure
2, where we have indicated the arcs a;,1 < i < n, together with generators z;
of the free fundamental group =y (D,;p) = F,, = {x1,...,T,). As the mapping
class group, A(A,) acts on the free group F, 41, the action being given by (1.1)
(with g, = z;).

We will think of D,;; as a subset of R? with the punctures all on the z-
axis. Note that the t,(= ;) are all conjugate (since aiaiHUia;LllU{ Y= 6
follows from the braid relations [Bi]) and that every conjugate of every o; is @~
positive half-twist relative to some arc of D, joining two punctures. Thus if
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« € By, where a(ty,...,tn) = (¥1,. . ., Yn), represents the Hurwitz action of a on
(t1,...,tn) € A(An)", then each y; can be represented by an arc a(y;) = a;(«)
joining two punctures on D,;, where y; is the positive half twist relative to
this arc. Thus (y1,...,yn) can be represented as n arcs of D, 1, each arc
a(y;) = a;(a) being labeled with the label i. The set of such labeled arcs for
this @ € B,, will be denoted (), which we will also think of as an edge-labeled
graph in D, with vertices the punctures ;. Note that A(a) determines .
For example, if o = id, then a;(id) = a; for 1 < ¢ < n and Aa) = (a1,...,as)
is shown in Figure 2.

Figure 2.

For1 <i<j<n+1welet
Oij = 0i0i+1 "’G'j_QO'j_lch__lz . "O'i__i_llO'z-_l € A(An)

Let
Y= {O'ij: 1 S’L<j <n+ 1} CA(An)

We note that if ¢ € &, then the arc a(o) can be drawn in D44 so that it is
completely below the upper half plane. This is how we will always draw the
elements of £,. Note that there are ("}') elements of X,. We will show that
these are the special Hurwitz generators.

The following result will show that the set of special Hurwitz generators for
the B, action on (¢1,...,t,) in the A, case is finite. This result thus proves

Theorem 1.1 in the A, case.

PROPOSITION 2.1: For any o € B,, with a(t1,...,ty,) = (y1,...,Yn), we have
a(y;) € I, for 1 <i < n. Further, if 1 < i # j < n, then a(y;) and a(y;) are
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disjoint (except possibly at their end points) and the union of the arcs in ()
is a tree with vertices the punctures of Dy41.

Proof: This will be by induction on the length of a € B, as a product of the
standard generators aiﬂ. The case of zero length (o = id) is clear.

Now let a = o} 8,e = £1,1 < k < n, where 8 € B;, has shorter length than
a. Let B(t1,...,tn) = (Y1, .-, Yn), where we may assume inductively that each
a(y;) is an arc below the upper half plane and that they have pair-wise disjoint
interiors with 2(3) a tree.

We now see how o, acts; by (1.1) of, clearly only effects y, yx41. There are
two cases. First assume that the elements yg, yx1 commute. This is equivalent
to requiring the arcs a(yg), a{yx+1) to have disjoint end points as well as disjoint
interiors. One possibility is shown in Figure 3 (i) (any other case is similar).
Then the effect on (y1,...,ys) of acting by of,, € = £1, is to interchange y; and
yp+1- The effect on A(F) is to interchange the labels k,k + 1 as indicated in
Figure 3 (i). Thus A{«a) also satisfies the conclusions of Proposition 2.1.

Now assume that the elements y;, yx+1 do not commute. Then by induction
this is equivalent to requiring the arcs a(yg),a(yrs+1) to have exactly one end
point in common and to look like one of the left-hand sides of Figure 3 (ii), (iii),
(iv), or any of Figure 3 (vi) (ignore the dashed lines for the moment). Then the
effect on 2U(B) of acting by o} is shown in Figure 3 (ii), (iii), (iv) for these cases
(ignore Figure 3 (vi) for the moment) while the effect on 2(5) of acting by a;l
on the left-hand side of Figure 3 (ii) is shown in Figure 3 (v). Note that o2 has
the same effect as 0;1 on the left-hand side of (ii) (and of (iii), (iv)) and so we
have described what happens for all cases except those listed in Figure 3 (vi).

Consider further the action of o§, on the left-hand sides of Figure 3 (ii), (iii),
(iv), where 1 < r < s < t < n. Note that in each case the graph corresponding
to 2A(a) is still connected, and since A(3) is a tree and we have the same number
of edges we see that A(«) is also a tree. Now by induction the edges of A(5)
do not cross, so that no other edges enter the triangle determined by the edges
a(yr), a(yr+1), together with the dashed edge also shown in the left-hand sides
of Figure 3 (ii), (iii), (iv). Thus no other edges enter the triangle determined by
the images under o}, of these edges together with the dashed edge also shown
in the right-hand sides of Figure 3 (ii), (iii), (iv). Thus no edge crosses these
image edges and we have proved Proposition 2.1 for these cases.

We conclude the proof of the A(A,) case by showing that the situations
indicated in Figure 3 (vi) cannot occur. We will consider the first case in Figure
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3 (vi), the rest being similar.
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Figure 3.

We recall that a fundamental property of the Hurwitz braid group action is
that it preserves the product of the generators: if a(ty,...,tn) = (y1,...,Yn),
then ty - t, =y1- - Yn.

Since we can act by Insea,): A(An) = C(An) = Spya and

= HM(A,,)(Hn(tlw ctn)) = HM(An)(tl ceotn) = (1,n+1,n,n—1,...,4,3,2),

this turns into a result about products of transpositions in S, 4+1. We have to
show that the following is impossible:
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(*) let B € By, let 1 < k < n,and let 7,...,7,7 = Mpa,)(@:(6)), be
transpositions generating S,41 such that (acting on the right) we have
T =(n+1l,nn-1,...,4,3,2), where 7, = (st), 7441 = (rs) with
1<r<s<t.

Proof of (¥):  We prove this by induction, attaching statement (*) to the induc-
tive hypothesis that we are using to prove Proposition 2.1. The initial cases are
trivial and we assume o = o} etc. Thus we assume that A(5) is as described
in Proposition 2.1 and show that (*) is impossible.

We first note that we may assume that £ = 1. This is just [Hum; Lemma 2.1
(iii)], which shows how to move any subsequence y;,,...,yi,,1 <13 < ig--- <
iy <1, of y1,...,y, into the first u positions by using an action of B,.

Writing 1 = (st), 72 = (rs), 73 --- T, = 4, we then have ¢t > 1 and so

t—1=()m -7 = (t)(st)(rs)d = (r)é.

But the only way that we can have (r)d = ¢t — 1 is if there is a path in 2(3)
from r to one of r, s,¢ which does not use the edges a(yx), a(yr+1). But if this
is the case, then, since all of the edges of A(3) are arcs below the z-axis we
see that A(B) is not a tree; a contradiction. Thus the cases shown in Figure
3 (vi) cannot occur and so concludes the proof of (*) and so, by induction, of
Proposition 2.1. |

Now the finiteness result in Theorem 1.1 for type A, follows since by the
above Proposition we have

Bn(tl, . ,tn) C 22,

where B,(t1,...,t,) denotes the orbit of (¢1,...,t,) under the B, Hurwitz
action.

Recall that S(C(A,)) denotes the set of conjugacy classes of sequences of
n transpositions generating S,.; = C(A4,). Let S(C(4,)) denote the set of
sequences of n transpositions generating Sy41.

Now if we consider the map Ijs(4,): A(An) = C(A,), then this map induces
maps

I:IM(A"): Bo(ty,...,ty) = S(C(An)), HM(A,,): Bn(t1,...,t,) = S(C(4,)).

Let O and O denote the images of IIy; and II; respectively. For a set X, let
Sym(X) denote the symmetric group of X. Then we have monomorphisms

p: Sym(By(t1,...,tn)) — Sym(O); p: Sym(By(ts,. . .,tn)) = Sym(0),
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which when restricted to the image of B,, in Sym(5,,(t1,...,t,)) give permuta-
tion representations of B, that we will also denote by g, p.

We first show that p is injective. Now for 1 <4 # j < n we have Iy, (04;)
= (2J) € Snt+1 and so the map By(t1,...,t,) — Z} induced by Ips4,) is
injective. Proposition 2.1 shows that the actions of B, on z € B, (t1,...,t,)
and on Ilpa,)(z) € II(Z}) are permutation isomorphic under Ips(a,). It
follows that g is injective.

The map p is onto by [Hum; Theorem 1.2] and from [Hum; Theorem 1.4] we
see that O has size (n+1)"2. Now if ay, az € B, satisfy Mprea,y(i(te, ..., ta))
= prea,y(aa(ts,. .., tn)), then s (ty,...,t,) and as(ty, ..., t,) must be conju-
gate. But this conjugating element must commute with the product ¢; - - - t,, and
so must be a power of that element. (Note that IT = Ias(4,,)(t1 - - - t5) is an n41-
cycle in S,41 and that it generates its own centraliser.) But [Bi] the generator
of the centre of B,, acts by conjugating by this element. Thus ITys(4,)(t1 - - - ts)

has order n + 1 and so there are exactly n + 1 conjugates of (¢1,...,t,) which
get sent to the same element. Thus there are (n+1) x (n+1)""2 = (n+1)"~!
elements in the orbit By (¢1,...,t,). This concludes the proof of the A, case of

Theorem 1.1. [ ]

3. The B, case

The proof for this case is similar to that of the A, case in that we represent
special Hurwitz generators by (unions of disjoint) arcs.

Here we use a way of representing the Artin group A(B,) as a subgroup of
A(Az,_1) = By, that is described in [C] and [SV]. Define the following elements
of A(Agn_l )Z

Q1 =0109n-1, Q2=0202n—2, ..., Qno1=0n_10n41, Qn=0n.

Then [C, SV] the group (Q1,Q2,...,Qn—1,Qx) is isomorphic to A(B,) =
(t1,...,tn), under the map induced by Q; — ¢;.

We now assume that Dsy, is a circular disc centered at (0,0) of radius n + 1
such that the punctures my, ..., 7, of Dy, are the points

(=n,0),(-n+1,0),...,(-1,0),(1,0),...,(n — 1,0),(n,0),

respectively.
We let I = [—1/10,1/10] C Da,, denote the interval of the z-axis (see Figure

4 (i)).
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Now as in the A, case we represent each o;; € A(A2,-1),1 <1 < j < 2n,
by an arc a(oi;) C D2,. There are various cases: If i,j < n, then a(o;;) will
be a semi-circular arc joining the punctures m;,7; below the z-axis of Dy,. If
i,j > n, then a(o;;) will be a semicircular arc joining the punctures 7;, 7; above
the z-axis of Dy,,. If ¢ <n,j > n, then a(o;;) is the union of a semicircle below
the z-axis between 7; and (0,0) and a semicircle above the z-axis between (0, 0)
and 7;; see Figure 4 (i), for example.

We thus represent );,1 < ¢ < n, by a union of arcs a(Q;) = a{c;) Ua(o2n—s),
so that @); is the product of the positive half-twists corresponding to these arcs.
Each A(B,)-conjugate of );,7 < n, can also be represented by a pair of disjoint
arcs. For @, we define a(Q,) = a{c,) to be an arc which is the union of a
semicircle below the z-axis between (—1,0) and (0,0) and a semicircle above
the z-axis between (0,0) and (1,0).

Let 7 = 1, € B, denote the involutive diffeomorphism of D, which
rotates by 7 about (0,0). Then 7, also corresponds to the permutation
(1,2n)(2,2n — 1) -- - (n,n + 1) of the punctures.

Now if ¢ = 00,5 € A(By), then we let a(c) = a(os;) U a(ors). If a(o) is
Top-invariant, then exactly two of 4, 5,7, s are less than n + 1; if these are u, v,
then {¢,7,7,8} = {u,v,2n+ 1 —u,2n + 1 — v}. In particular, since there are
two ways to connect {u,v,2n + 1 — u,2n + 1 — v} with two arcs (such that
the two arc components are interchanged by 7»2,,), there are 2(’;) =n%—nof
these Ty, -invariant os. There are also n of the 0; 2,41—; which are 7, -invariant.
Thus there are n? of the arcs of the form a(c) described above which are 75,,-
invariant. These ¢ = 0,;02n41—i,2n+1—; 8nd ¢ = 03 2n+1—; Will be the special
Hurwitz generators. Let ¥, denote the set of all these os.

In the following we will allow the arcs which meet I to move slightly, but
never to move entirely off I. We do this so that sets of arcs will then have
disjoint interiors.

The a(Q;) are symmetric relative to m2,: a(Q;) satisfies

Ton(a(Q:)) = a(Qs).
It easily follows that if & € {(Q1,...,Qn,) = A(B,) C A(A2,_1), then
Tan(a(a(@:))) = a(a(@Qs))-

PROPOSITION 3.1: Let a € B, and let Q1,...,Qn, € A(B,) C A(A2,_1) be the
standard generators for A(By,) as described above. Then we have a(Q1,...,Qn)
= (y1,.--,Yn) Where each of the a(y;) having two components b;;, by satisfies

Ton(bi1) = biz,  Ton(biz) = by,
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and the interiors of the b;; can be isotoped (in a small neighbourhood of I) to
be pair-wise disjoint. Further, each b;; is equal to some a(oy,). Also, if the
end points of b;1,b;e are j,k and 2n + 1 — j,2n + 1 — k (respectively), then
(y:) = (G, k)2n+1—j,2n+1—k).

If a(y;) has a single component, then it is equal to some a(0y 2n+1-+) and
iS Ton-invariant. Further, if the end points of a(y;) are u,2n + 1 — u, then
O(y;) = (u,2n+ 1 — w).

In either case, if a(y;) = by U by with by below the z-axis and by above the
x-axis, then the left-most endpoint of by is the left-most of all the vertices of
a(y;) and the right-most endpoint of by is the right-most of all the vertices of
a(yi)-

The set ¥ = 3, is the set of special Hurwitz generators.

Proof: Note that there is an implied correspondence (determined by Iy (g,))
between the elements of ¥ and the conjugates of Ilps(p,)(Q:),7 < n. We will be
showing that this is respected by the B, action.

Since Ton(a(@:)) = a(Q;) for all i < n we see that 75,Q; = Q;m2n.

Ifa(@Q1,...,@Qn) = (v1,---,yn), then each y; has the form EijEj_1 for some
E; € (@1,...,Qn); we then have a(y;) = E;(a(Q;)) and so a(y;) is 7o,-invariant
by the above.

The rest of the proof will again be by induction on the length of «, as a
word in the standard B, generators aiil,i < n, the case a = id being clear.
So assume that a = 0} 3, where 8 has smaller length than o and ¢ = £1. By
induction we may assume that 8(Q1,...,Qn) = (Y1,-..,Yn), where the arcs of
all of the a(y;) satisfy the conditions of Proposition 3.1.

We now see how o, acts on B(Q1,...,Qx); again it only effects yr,yr+1.
There are two cases. First assume that the elements yi,yr+1 commute. This
is equivalent to requiring that a(yx),a(ygrs+1) have disjoint end points (since
Uk 7 Yr+1). Then the effect on (y1,...,yn) of acting by o7}, is to interchange y;
and y41. The effect on 2A(B) is to interchange the labels k,k + 1. Thus A(«)
satisfies the conclusions of Proposition 3.1.

Now assume that the elements yi, yr+1 do not commute. Here there are two
cases:

(a) a(yk),a(yx+1) both have two components;

(b) one of a(yx), a(yk+1) has one component.

If (a) and a(yx) = 1 Ucz, a(yg+1) = di Udz, where the arc components ¢;,d;
are both below the z-axis and c,, d3 are both above the z-axis with further ¢, d;
and ¢y, dy each sharing a puncture, then this case follows from the analysis of
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the A(Ay) case above (see Figure 3 (ii)—(v)) since we just have two disjoint
copies of the A(A,) case, one above and one below the z-axis.

On the other hand, if we have (a) but not the above case, then we will show
that we have Figure 4 (i), (ii) or (iii) and for these cases we indicate how oy
acts in Figure 4. Here X,Y,Z are parts of the picture and 7X,7Y,7Z are
their images under 7 = 79,,. Note that o, has order three on such elements, so
the effect of o ! is also apparent from Figure 4. It follows that 2(a) satisfies
Proposition 3.1.

This does (a) if we can show that Figure 4 (i)—(iii) are the only possibilities.
We do this after considering (b).

If (b), then we will show that a(yx), a(yk+1) look like one of Figure 5 (i), (ii),
(iii), (iv). If this is the case, then the effect of o} is indicated in Figure 5, from
which we see that o} acts as the identity, so that the action of o' is the same
as the action of o3. One can now easily check that « satisfies the conclusions of
Proposition 3.1.

k+1

2n+l-m 2ntly 2ntl-i

k+1

(ii) 1Y S,
2n+l-m 2n+l4 2ntl-i
k+1
Lo
k
(iii) 44

In+l-m 2n+l 2ntl-i

Figure 4.

We thus need to show that a{ys), a(yr+1) look like one of Figure 4 (i), (ii), (iii)
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k

(l) X Y 7 TY ™X
on+ly  2ntl-i

(i)
S
(iii)
v
k+1
(iv) %

2n+l 2n+l-i

k+1

Figure 5.

in case (a) or Figure 5 (i), (ii), (iii), (iv) in case (b). This will be similar to the
A(A,) case since again it turns out that we need only look at the image under
Mus,): A(Byn) = C(Bn), which we now describe. Recall that C(B,) is the
group of all signed permutations of £1,...,+n [GB]. We order these elements
as1,2,...,n,-n,1 —n,...,—1, and denote them by 1,2, ..., 2n (respectively),
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so that the generators s; = Iljy(p,)(t:) are just

81 = (1,2)(2“ - 172n)1
s2=1(2,3)(2n - 2,2n - 1),

Sp—1=(n-Ln)n+1n+2),
sn = (n,n+1).

Thus if a(Q1,-..,Qn) = (¥1,.-.,Yn), where a(y;) consists of two arcs ¢, c2
whose endpoints are {¢,7},{2n+1-4%,2n+1—j},1 < i # j < 2n, then the
corresponding permutation is II{y;) = (3,7)(2n +1 —4,2n+ 1 — j). If a(y;) is
a single arc with endpoints 7,2n + 1 — ¢, then II{(y;) = (3,2n + 1 —4). Thus the
permutation can be directly read off from a(y;). The product is then

182 sp=(L,n+1Ln+2,...2n-1,2n,n,n-1,n—-2,...,4,3,2).

One can check that for case (b), if a(yy), a(yr+1) do not look like the cases
shown in Figure 5 (i)-(iv), then they must look like one of Figure 5 (i)—(iv) only
with the labels &, k + 1 interchanged, a similar statement being true for Figure
4 in case {(a).

We first note that, as in the A, case, we may assume that k¥ = 1 [Hum;
Lemma 2.1 (iii)].

Suppose that a(yx), a(yk+1) look like Figure 6, which is Figure 5 (i) with the
labels k(= 1), k+1(= 2) interchanged (any other case in Figure 5 being similar).
Here 1 <i < j<n.

) ) k+t1
I J
X Y TY ™

ntlj  2n+l-i
k+1

Figure 6.

Then

z1 = Myp,y(v1) = (4, 2n + 1 - j),
Ry = HM(BQ)(Z/Z) = (Z])(2T£+ 1- 2,2’&'}‘ 1 —])
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and so we have
Ln+l,n+2,...2n-1,2n,n,n-1,n~-2,...,43 2)
=2n+1-7)0{)2n+1-6,2n+1—j)zz -2,
=(,5,2n+1-42n+1—j)zz - 2,

where z; = Ilp(p,)(y:). Since j > i > 1, we have j — 1 = (j)II,.

Since (f)z122 = (NG, 5,2n+1—14,2n+1—j) = 2n + 1 — i, we see that
(2n+1—1)z324 - - - 2o, = j—1 and so there must be a path in A4(S) with endpoints
2n + 1 —14,j — 1, which only contains edges of a(ys) U a(ys) U--- U a(y,) and
so which does not contain the edges a(y1),a(y2). One can see, using the fact
that A(8) satisfies Proposition 3.1, that this path must eventually intersect the
interval I and then continue in the lower half plane to j — 1; in doing so it must
meet (at a vertex) the part of a(y;) U a(ye) which is in the lower half plane.
This contradicts the fact that %(8) is a tree. This concludes considerations of
Figure 5 and so of case (b).

For Figure 4 and case (a) we consider, for example, Figure 4 (ii) with the
labels k, k + 1 interchanged. Again one sees that 1 < j < n and so

J=1=()zizezz 2= 2n+1~m)zz - 2n,

showing that there is an edge path in A(8) \ {a(y1),a(y2)} from 2n +1 —m
to 7 — 1 and that any such edge path must meet one of the vertices 7, 7, thus
showing that 2(3) is not a tree. This contradiction shows that this case does
not occur and all other cases are similar.

One now sees that Proposition 3.1 is true for « and so the result follows by
induction. |

Now by Proposition 3.1 we note that there are only a finite number of the
¥; that occur as entries in a(Q1,...,Qy) and so the orbit is finite. Proposition
3.1 also shows that the endpoints of any one of the arcs a(y;) completely deter-
mine that arc and so determines the element y;. Now there is an epimorphism
Mar(,): A(Bn) = C(By) which the last comments show is injective when re-
stricted to the set of special generators. Thus this map induces an injective
map Iy g, ): Bn(Q1,-..,Qn) = C(By)", whose image has cardinality n™~1 by
[Hum]. An argument as in the A, case shows that the orbit B,(Q1,...,Qxn) has
size n x n®~! = n™. This completes the proof of Theorem 1.1 for the B, case.
|
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4. The D, case

In this section we prove Theorem 1.1 for A(D,,), this being the most involved
case. We again need a geometric way of representing the group A(D),) and its
standard generators. To do this we use a result of Perron and Vannier [PV] which
allows one to represent A(D,,) as a subgroup of a mapping class group generated
by Dehn twists. Specifically, let a1,az,...,a, be a set of non-bounding simple
closed curves on a surface with boundary which are homologically independent
and whose intersections are of type D,,.

Figure 7.

See Figure 7 for example, where n = 8 and we have drawn the curves ay, . .., asg
as if on a genus five surface. The identifications have been indicated showing
how to join up some of the curves that look like arcs. We have also indicated
arcs bs,...,b,, one for each intersection point of a pair of curves a;,a;41,1 <
i < n, together with an arc b; meeting only a; as shown. The arcs b; have
their endpoints on the boundary of the surface. Thus the surface that we have
drawn is a tubular neighbourhood N,, of the union |J)_, a;, having a number of
boundary components. Note that cutting the surface along the b; results in a
disc with identifications indicated by the sequence

bi,bay . bn_2, b1, b, b7 b5 b, 0, b

»Yn—23Yn Y n-11

as shown in Figure 8 for the case n = 8 again. In Figure 8 we have also indicated
orientations to the b; and the a; so that b,.a; = 1 for all i < n etc.

For each a; we let T'(a;) denote the Dehn twist about the curve a;. By [PV]
the subgroup (T'(a1),...,T(ay)) is a faithful representation of A(D,,) under the
homomorphism induced by t; = T'(a;). Note further that the Dehn twist asso-
ciated to a simple closed curve does not depend on the orientation of that curve,
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just on the orientation of the surface. Thus we can freely change orientations
of such curves when they are representing Dehn twists, as they will do in what
follows.

Figure 8.

Now we describe certain symplectic coordinates for curves in N,. Let ¢ be
an oriented simple closed curve in N, and isotope ¢ so that it intersects the
b; minimally. Let ¢/(b;,c) denote this minimal intersection number. If, for
fixed 1 < n, all of the local intersections of b; and ¢ have the same orientation,
€ € {£1} (this will always be the case for the curves we consider), then we let
t(b;,c) = e/ (b;,c). Then the symplectic coordinates are

¢ = (e(b, ¢), t(bz, ), ..., t(bn,c)) € L™
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For example, from Figure 8 we have
a =(1,-1,0,0,...,0),
as = (0,1,-1,0,...,0),

an—3 = (0,0,0,...,1,-1,0,0),
an—2 = (0,0,0,...,0,1,-1,-1),
an—1 = (0,0,0,...,0,1,0),

an, = (0,0,0,0,...,0,0,1).

If T is the Dehn twist about a curve ¢, then we will also let T denote the
symplectic coordinates of the curve c. Note that N, \ |, b; is a disc and so
there are only finitely many simple closed curves ¢ whose coordinates are in
{0,+1}".

We next give a list of vectors which we will later show are the symplectic

coordinates of the special Hurwitz generators: Let C,, denote the set of curves
having the following symplectic coordinates:

i) (0,...,0,1,0,...,0),
(ii) (0,...,0,1,0,...,0,~1,0,...,0),
(4.1) (iii) (0,...,0,1,0,...,0,1,0,...,0,-1, 1),
(iv) (0,...,0,1,0,...,0,—1, 1)
(except that (0,...,0,1,—1) is not allowed in the second type listed). Let V,

denote the above set of vectors.
First note that of the types listed above we have

n+<<g>—1)+<n;2>+(n——2)=n(n—1)

total vectors. Thus V,, has n(n — 1) vectors.

Now it is easy to check that each vector in V,, determines a unique simple
closed curve in N,. Thus C, is well-defined. Since all curves are unoriented,
these coordinates are determined only up to a common sign.

Let (Q1,...,Qn), Qi = T(a;), be the standard generators for A(D,) and
O,y A(Dyn) = C(Dy) the projection; specifically we have the following
action on the generators:

M, (Qs) = (4,i+1)(2n+1-4,2n—1d), for1<i<n-1,
My, (@n) = (n—1,n+1)(n+2,n).
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We need to specify one more bijection, namely ¥: V, — P,, where P,
is the set of elements of C(D,) that occur as entries in the B, orbit of
(Mars,) (@), - -, I pr(,)(@n)) (see [Hum]), or alternatively, P, is the image
of ¥ — see (4.2) below. Let e; denote the ith unit vector. Then ¥ is defined as
follows:

((1) Ule;)=(@G,n+2)(n—-1.2n+1-¢)if1<i<n-2

(i) Tlep—1) =(n—-1,n)(n+1,n+2);

(i) Tlen) =(n—1,n+1)(n,n+2);

(i) Wle;—e;) = (5, 7)2n+1—-¢,2n+1 -5 if 1 <i<j#n-1;

(i) ¥(e; —ep—1) =&, n+1)(2n+ 1 —i,n);

(ili) Y(es+ej—en—1—en)=0E2n+1-5)(,2n+1 -9 if 1 <i<j#n—-2
(

iv) U(e; —ep—1—€n) = (i, n—1)(2n+1—i,n+2).

We will let y(v) denote the unoriented simple closed curve having symplectic
coordinates v. In all cases considered this will be unambiguous.

The method of proof is as follows: we have the sets Cy, V,,, P,, and bijections
between them. We will show that the B, action respects these maps: if a € B,
and a(s1,...,80) = (21,5 2n),0(Q1,. -, Qn) = (Y1,---,Yn), then ¥71(2;) =
gi for all 1 < i < n and v(y;) € Cn.

We will have constant need to find dot (symplectic) products of the vectors
a(y;); it is easily checked that these are obtained using the following n x n
anti-symmetric matrix form (see Figure 8 to see that this is the correct matrix):

0 1 1 1 ... 1 11
-1 0 1 1 ... 1 11
-1 -1 0O 1 ... 1 11
T=|: 1 0o
-1 -1 -1 -1 ... 0 11
-1 -1 -1 -1 ... -1 0 O
-1 -1 -1 -1 ... -1 06 ¢

So the dot product of two row vectors vy, vy will be v;.v = v; 7,07, where T
denotes transpose.

We note that these dot products (which are called algebraic intersection num-
bers) of the symplectic coordinates of elements of C, are also equal to the
geometric intersection numbers of the simple closed curves that they repre-
sent (when their absolute values are taken). Part of what we will show below
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for the proof will be: let a € B, where a(Q1,...,@4) = (y1,...,Yn). Then
o1(y1, .- ¥n) = (V19205 "Y1, U3, - - -, Yn) Where

(4.3) a(yiy2y; D) = alye) + (@(y1).a(y2))a(y)

is an element of V,,. The above formula is obtained as follows: if ¢, d are simple
closed curves on a closed surface ¥ of genus g, then we let [c],[d] € Hi(%;Z)
denote their homology classes. The action of the mapping class group Map(Z)
on X gives rise to a symplectic representation

Map(Z) — Aut(H:(X;Z)) = Sp(2g,Z),
the action of the Dehn twist T'(c) associated to ¢ being given by

T(e)([d)) = [d] + (c.d)[c],
where c.d is the algebraic intersection number of the curves; see [MKS].

PROPOSITION 4.1: Let a € B,, and suppose that a(Q1,...,Q@n) = (Y1,---,Yn)-
Then each simple closed curve (§;) meets each arc b; at most once. Each a(y;)
is in V,, and each 4(y;) is in C,,. Further, if a(sy,...,8,) = (#1,...,2n), then
U-l(z) =9 forall1 <i<n.

Proof: The proof will be by induction on the length of & as a product of
the standard generators and their inverses, the case a = i¢d being obvious. So
suppose that o = o8 € B,, where § has shorter length than the length of
@, so that the result holds for 5. Let 8(Q1,...,@Qn) = (¥1,.-.,Yn) and let
2= HM(D")(y,-). Let s; = HM(D")(Qi) S C(Dn)

We will again make use of a graph 2(«), although this time it will not be
realised in Dy,. Suppose that a(si,...,s,) = (21,...,2n); then A(a) is defined
to have vertices 1,...,2n and for each z; = (r,s)2n+1-r2n+1 - 3) we
have two edges between r,s and 2n + 1 — r,2n + 1 — s (respectively), where
1<r#s<2nandr+s # 2n+ 1. Let m, € C(D,) be the involution
(1,2n)(2,2n — 1) --- (n,n +1). The permutation 7, will also act on the graphs
A{a) by permuting vertices. We will let E; denote the union of the two edges
of A(a) having label i.

LEMMA 4.2: The graph ®4(«) is connected, invariant under T2, and has a single
circuit I'(c) of even length which contains the vertices n,n + 1 at diametrically
opposed points of this circuit. This circuit is also Ty, -invariant and the effect of
Ton IS to rotate the circuit.
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Also, T'(a@) = Y1 UY, where Yy NY; = {n,n + 1}, 72,(Y1) = Ya, where the
edges of Y1 from n to n + 1 have labels which are strictly increasing and the
edges of Yo from n + 1 to n have labels which are strictly increasing.

Proof: Since C(D,,) acts transitively on {1,...,2n} we see that the graph 2(«)
is connected. Since 72, commutes with each generator (¢,7)(2n+1—14,2n+1—7)
we see that 2A(q) is Topn-invariant. Note that each z; is determined by either of
the two arcs of E; C A(B). Thus the arcs in Ey, Fa, ..., E, are distinct, there
being 2n of them. That there is a single circuit now follows from the fact that
A(a) is a connected graph with 2n vertices and 2n edges.

Since the product 21 - - - z,, is invariant under the B,, action and is equal to

I, =1,n+2,...,2n,n—1,...,3,2)(n,n+ 1),

we see that the edges along one half of I'(a) between n and n + 1 must have
increasing labels. This concludes the proof of Lemma 4.2. B

For the proof of Proposition 4.1 we again consider cases. We will have the
following conventions throughout:

a=0rB €Bn, alQ1,...,Qn)=W1,---,Un), 2 =Irp,)(¥:)

First assume that yz, yr4+1 commute. Then zy, zp11 commute and the effect
of of on (y1,...,yn) and (z1,...,2y) is just to interchange yx, yr+1 and 2y, 2p41
(respectively).

As in the A, and B, cases we may assume that k¥ = 1. It will also suffice to
assume that we are acting by o}.

The proof now consists of checking ten cases, depending on which of the four
types the vectors §1, 72 are. We will do the first four of the ten cases (the cases
involving a vector §; of type (1)}, and then show how the remaining cases follow
from these.

Case (i), (i): Here we first assume that a(y;) = e;,a(y2) = e; where i <
j < n— 1. First note that ¢ # j, since 21, ..., 2, is a minimal set of ‘reflection’
generators for C(D,,). Thusi < j < n—1and so a(y,).a(y2) = ¢;.e; = —1. Now
z; = U(§;), so that 21 = (j,n+2)(2n+1-j4,n—1),22 = (i,n+1)(2n+1—-¢,n-1).
If G(y1) = ej,al(y2) = e, then by (4.3) the coordinates of o1(y1,y2,...) are
(@(y1y2y; '), €4y ---) = (€ — €5, €5, ...); we note that e; — e; € V,, (as required),
that the simple closed curves 7(e;),y(e;) meet in a single point and that the
curve T{v(e;))(v(e;)) has symplectic coordinates e; — ;. Thus this situation
works.
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We now show that the case G(y1) = e;,a(y2) = e; where ¢ < j < n—1, so
that z; = (t,n+ 1)2n+1—i,n—1),22 = (,n +2)(2n + 1 — j,n — 1), is not
possible. This will follow from a more general result:

LEMMA 4.3: If 8 € B, and B(s1,...,8n) = (21,...,2n), then for 1 < k < n we
cannot have either of the following three cases:
(D) zr=02n+1-w)2n+1—-d,u); 2841 = (f,2n + 1 —w)(2n + 1 — j,u),
(2) 2z =(5,))Cn+1—42n+1 -5 241 = (7,20 + 1 —w)(2n+ 1 — 4, u),
B) zr=05,2n+1-uw)2n+1—ju);zk1=(4,5)2n+1—4,2n+1— ),
wherei < j <mn,i <u<nu#j.

Proof: As in the above we may assume that k£ = 1. We will first show that (1)
is not possible.
The proof will be accomplished by showing that

(h2n+1—w)2n+1—du)x(f,2n+1—-w)2n+1—ju) X 23--- 2,
#IL,=0,n+2,n+3,....2n,n—1,n-2,...,3,2)(n,n + 1),

where each z; has the form (r,s)(2n +1 —7,2n + 1 — s) and A(B) satisfies the
conclusions of Lemma 4.2. Since the endpoints of Ey, E; are 4,5,2n+ 1 - u #
n,n + 1 we see from Lemma 4.2 that E;, Ey are not edges of T'(3). It follows
from Lemma 4.2 that we have one of the cases shown in Figure 9 (i), (ii), (iii),
each of which we now consider.

Suppose we have Figure 9 (i). Here we write each E; = M UEZ@) as a union

2
of two edges, as shown in Figure 9. Then

n+2—u=2n+1-u)ll,
=Cn+1-u)(i,2n+1-uw)2n+1—1i,u)
x{(f2n+1—-u)2n+1-ju)zz -2,
:(i)23"'2n,

and so the vertex 2n + 2 —u belongs to a component of the closure of A(3) \Efl)
which does not contain ['(8); see Figure 9 (iv). Now act by I1, again. Since

Mm+3-—u=2n+2-wll,=2n+2~-u)zz - 2,

we see that the vertex 2n + 3 — u also belongs to a component of the closure of
2A(8)\ E{I) which does not contain I'(3). Note that ¢ < u implies 2n +1—u <
2n +1 — . We now repeat this argument, thus showing that all of the vertices
labeled 2n+3—u,2n+4—u,...,2n+1—1 belong to a component of the closure
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of A(B) \ EP) which does not contain I'(3). However, this contradicts the fact
that the vertex 2n+ 1 —¢ is in the component of the closure of 2(5) \Efl) which
does contain T'(5) (see Figure 9 (i)). This shows that the situation in Figure 9
(i) is not possible.

vi)

Figure 9.

For Figure 9 (ii) we consider a similar argument, only we look at the image
of 7. Then, since j > i > 1, it follows that

J=1= () = C@n+1-wz- 2

is in a component of the closure of A(S) \ Efl) which does not contain T'(8).
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We act again by II,,, to see that j — 2 is also in a component of the closure of
A(8) \ El(l) which does not contain I'(8). Continuing in this way shows that
(since 1 < j) the vertex labeled 7 is in a component of the closure of 2(53) \ E{l)
which does not contain I'($). This is a contradiction (see Figure 9 (ii)).

For Figure 9 (iii) we consider the image of i. We have ({)II, =¢—1if¢ > 1. It
follows that the vertex labeled i —1 is in a component of the closure of 2(53) \Eél)
which does not contain the vertex 2n+1—u. Nowi < jandsoi—1 < j. It follows
that acting by II,, again we see that ¢ — 2 is also in a component of the closure
of A(8)\ Eél) which does not contain the vertex 2n 4+ 1 — u. Repeating as many
times as necessary we see that 1 and then n +2 = (1)II,,n+3,....2n+1—u
are in a component of the closure of 2(3) \ EZ(,I) which does not contain the
vertex 2n + 1 — u. This is a contradiction. This concludes the proof of Lemma

43 (1).

Now note that if (21,22, . . . ,2,) is not possible, then neither is o1{21,29, . . . ,25,),
or 67 (21,22,...,2,); one checks that these cases show that (2) and (3) of
Lemma 4.3 are also not possible. [

To show that z; = (i,n+1)(2n+1—i,n—1),22=(j,n+2)2n+1-j,n-1),
1 <4< j<n-—1,isnot possible we apply (1) of the above result with u = n—1.
This concludes the proof of all (i) (i) cases where j <n — 1.

Next suppose that i < § = n — 1. There are two cases to consider:
(a) @(y2) = en-1,a(y1) = e;; or (b) alye) = €;,a(y1) = en—1. If we have
(a), then 2z = (n—1,n)(n+1,n+2),z1 = ({,n+2)2n+1—-4,n— 1) and we
need to show that 2120232, # II,,. But in this case Es has n and n + 1 as
vertices and E; N Ey # §; it follows from Lemma 4.2 that E;, E; must be edges
of I'(8) and so we have the situation shown in Figure 9 (v). This contradicts
Lemma 4.2 unless ¢ = n, which is also not allowed since ¢ < j =n—-1 < n.
Thus (a) is impossible.

If we have (b), then we have

n=Mm-Ln)n+1ln+2), 22=0Gn+2)2n+1—-4n-1),

a(y1) = en—1,a(y2) = e,

so that &(ylygyfl) =e; + (en_1.€i)en_1 = € —€e,_1 € V,. One now checks
that the curves ¥(g;),v(#2) meet in a single point and that the symplectic
coordinates of T'(y(¢1)){(7(g2)) are e; — en—1 as required. We also have z; 2927 =
(t,n+1)(2n+1—-14,n) = ¥U(e; — en—1). This concludes case (b) and so the case
j=n—-1

Nowifj=nand z =(n—1,n+1)(n,n+2),z21 = (t,n+2)2n+1—-1,n—1)
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then we again need to show that z;2923 -2, # II,. This time Lemma 4.2

forces the situation shown in Figure 9 (vi), which again gives a contradiction.
Lastly, if j =n and 21 = (n—1,n+1)(n,n+2),20 = ({,n+2)(2n+1—4,n—1)

then a(y;) = en,a(y2) = €;, from which we have @(y1y2y; ") = €; + (en-€i)en =

e, —en € Vyand 212020 = (i,n)(2n + 1 - 4,n+ 1) = ¥le; — e,) as required.
This concludes the proof of case (i), (i).

CASE (i), (ii): Here we first assume that a(y1) = e;,a(y2) = e; — ey, where
1<j<k#n-1 and (5,k) # (n—1,n).

The first situation to consider is where ¢ < j < k. Note that in this case we
have e;.(e; — ex) = 0 and

z=0En+2)2n+1-i,n—-1), 2=k 2n+1-j42n+1-k).

Note that these two permutations commute and also that the effect of o; on
¥1,Y2 is to interchange them since the simple closed curves v(g1),v(¢2) are
disjoint. Thus this case works and the case a{ys) = €;,a(y1) = ej—ex, 1 < j <k,
follows similarly.

Consider the case where a(y1) = e;,a(y2) = e; —ex and @ = j. Then we
have e;.(e; — ex) = —1. Now if a(y1) = e€;,a(y2) = e; — eg, then d(ylygyl_l) =
{e;—ey)—e; = —ey, which (up to sign) is in V,, as required. Further, one checks
that the curves v(§1),v(g2) corresponding to y1,y2 meet in a single point and
that a(T(v(41))(v(F2))) = ek, as required. Lastly, we see that

nzezy =, n+2)2n+1—i,n—1)(i,k)2n+1—1i,2n+1 - k)
x (t,n+2)2n+1—-1i,n—1)
=(k,n+2,2n+1-k,n-1)

as required for the bijective correspondence.
Continuing with the case where ¢ = j we now show that we cannot have
a{y1) = e; — ex,a(ya) = e;. Here we would have

21 =(,k)2n+1-4,2n+1-k), z2=(n+2)2n+1-in-1).

That this never happens is a special case of Lemma 4.3 (2) (with v =n —1 and
j=k).

This concludes the discussion of the cases where 7 = j in case (i), (ii).

Next consider the case j <1 < k. Then e;.(e; — ex) = —2 and we show that
this case cannot occur. Here we would have 21 = (4, k)(2n+1—4,2n+1-k), 25 =
(t,m+2)(2n + 1 — i,n — 1) or the other way around; since these permutations
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commute it does not matter which we consider. That this case does not occur
will follow from

LEMMA 4.4: Ifa € By and a(GQ1,...,@Qpn) = (Y1,-.-,yn), thenfor 1 < k < n we
cannot have z;, = (j,m)(2n+1—j,2n+1—m), zg41 = (4,2n+1—u)(2n+1—1%,u)
(or the other way around) where j <i<m<n,1<u<n,i<u#m.

Proof: As in the above we may assume that k = 1.

Note that from the conditions on i, j, m, u we see that neither of E|, E, have
n,n+ 1 as vertices and so the edges of E;, F5 are not edges of I'(8). Thus A(8)
looks like one of Figure 10 (i), (ii).

0
EI

On+lu

Figure 10.

If we have Figure 10 (i), then 1 < j <dandi—1= ()1, = 2n+1—u)zz - 2,
shows that the vertex ¢ — 1 is in a component of 2A(3) \ Efl) which does not
contain I'(3); see Figure 10 (iii). Applying II,, again we see that ¢ — 2 is in a
component of A(5)\ Efl) which does not contain T'(3). Continuing, we see that
J is in a component of A(S) \ E§1) which does not contain I'(3). Thus we either
have the situation shown in Figure 10 (iv) or that in (v). If we have (iv), then
we similarly show that j — 1 is in a component of A(J) \ Eél) which does not
contain I'(3). We continue applying I to observe that j — 2,5 —3,...,2,1 are
all in a component of 2A(3) \ Eél) which does not contain I'(5) and then that
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n+2,n+3,...,2n+1—k are all in a component of 2(3) \Eél) which does not
contain T'(3). This is a contradiction, since 2n + 1 — k = 7, (k) is certainly in
a component of A(S) \ Eél) which does contain I'(3).

The case of Figure 10 (v) is similar: we consider k¥ — 1 = (k)II,,, seeing that
k — 1 is in a component of 2(3) \Eél) which does not contain I'(3). Then it
follows that k — 2,k —3,...,i+ 1,7 are all in a component of A(3) \ Eél) which
does not contain I'(3), this being a contradiction. This concludes the discussion
of Figure 10 (i).

If we have Figure 10 (ii), then, by considering the image of 2n + 1 — u, it
similarly follows that 2n + 2 — u is in a component of 2A(3) \ Efl) which does not
contain I'(5); and then that 2n +3 —u,...,2n + 1 — ¢ are all in a component
of A(B) \ E§1) which does not contain I'(8). This contradiction concludes the
proof of Lemma 4.4 and so of the case j < i < k (where we have u = n — 1).
| |

Now assume that 7 = k; as in the above this case amounts to showing that we
cannot have 2; = (k,n+2)2n+1—-k,n~1),22=(j,k)2n+1—-j4,2n+1-k),
and the proof of this follows the same lines as that in the (i), (i) case where we
used Figure 9.

Lastly, the case ¢ > k is similar to the case ¢ < 7. This concludes all of the
(i), (i1) cases except for the situation where k =n — 1.

If £ = n—1, then the corresponding permutation is {7,n+1){n,2n+1—7j), so
that the corresponding edge of 2(3) is an edge of I'(8). One now easily checks
this case using diagrams similar to Figure 9 (v), (vi). This concludes the case
(1), (it).

Cask (i), (iii): Here we assume that a(y1) = e;,a(y2) = €; +ex —en_1 —en
where 1 < j <k <n—1; then we have z; = (i,n +2)2n+1—4,n —1),20 =
(J,2n+1-k)(k,2n+1 - j).

Consider first the situation where ¢ < j. Then e;.(e; + ex —ep—1 —€n) =0
and 21,2 commute. One also checks that (f1),7(g2) have zero geometric
intersection number. Thus all that happens in this case is that the labels 1,2
are interchanged. This does this case.

Next consider where ¢ = j. Here e;.(e; + ey — en—1 — €p) = —1 and if
z21=0Un+2)2n+1—jn-1),22 = (j,2n+1—k)(k,2n + 1 — j), then one
checks that @(y1y2y; ") = ek —€n—1 —€en € Vy; that y(y1) meets v(y2) in a single
point; that (T(y(y1))(v(¥2))) = €x — en—1 —en; that z12221 = U(ex —en_1 —e€5)
and so that this case works. So we now have to show that the situation z; =
(4,2n+1—=k)(k,2n+1—j5),22 = (j,n +2)(2n + 1 — j,n — 1), is not possible.
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LEMMA 4.5: Ifa € By, and a(Q1,...,@n) = (Y1,.--,Yn), then for 1 <k <n
we cannot have
() zx=(,2n+1-k)(k,2n+1—j),zp41 = (7, 2n + 1 —w)(2n + 1 — j,u),
(2) z =(k,u)2n+1 -k 2n+1—u); 241 = (5,2n + 1 — k)(k,2n + 1 — j),
(3) z=02n+1—-u)(v,2n+1—7); 2541 = (k,u)2n + 1 - k,2n + 1 — u),
where j < k <n,1 <u<n,k <u.

Proof: As in the above we may assume that k = 1. We first do (1).
Note that neither of Ey, E3 have n,n + 1 as vertices and so E;, E2 are not
edges of I'(@). Thus 2A(a) looks like one of Figure 11 (i), (ii), (iii).

(1) (1)
5 E() & £
2+l 2n+1f

Figure 11.

If we have Figure 11 (i), then v — 1 = (u)I, = 2n+ 1 — j)zg- -2, is
in a component C of A(a) \ Eél) which does not contain I'(«) as shown in
Figure 11 (iv). Now j < u and so continually acting by II,, shows that each of
u—1l,u—2,...,7+1,7isin C. This is a contradiction as j is clearly not in
C (see Figure 11 (i)). The exact same argument shows that Figure 11 (ii) does
not occur either.
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Now assume that we have Figure 11 (iii). Then k—1 = (k)II, = (u)2z3 - - - zp is
in a component C of QJ.(a)\Eél) which does not contain I'(a). Since k < u, acting
by II,, shows that k —1,k—2,...,5+ 1,7 are all in C. This is a contradiction.

This proves (1), and (2), (3) follow as in Lemma 4.3 by acting by a;,07".
|

Lemma 4.5 (1) concludes the proof of the i = j subcase of case (i), (iii).

Now consider the situation j < ¢ < k. Then we have e;.(e+j+er—e,_1—€,) =
—2 and so we need to show that the case z; = (i,n +2)2n+1—-i,n—1),20 =
(J2n+1-k)(k,2n+1-7),1 <i<j<k<n-—2cannot occur (noting that
z1, 29 commute). This follows from the following result whose proof is similar
to that of Lemma 4.4.

LEMMA 4.6: If§ € B, and a(Q1,...,Qn) = (Y1,---,Yn), thenfor1 < k < n we
cannot have z;, = (4,2n+1—u)(2n+1—4,u), 2zp41 = (4, 2n+1-m)(2n+1—75,m)
(or the other way around) where j <i<m<n—1,1<u<nm<u<n.

This does the case ;7 < ¢ < k, so next consider the case i = k. Here
ex.(ej + ex — en—1 — €n) = —3 and so we need to show that

zn=((kn+2)2n+1-kn—-1), z=((2n+1-k),(k2n+1-3)

cannot occur. The techniques introduced so far suffice for this case as they do
for the case k < i. This concludes case (i) (iii).

CASE (i), (iv): Here v; = a(y1) = e;,v2 = @(y2) = €; — en—1 — ey, and we first
consider the case i < j. The corresponding permutations are

21=0En+2)2n+1—-4in—-1), z22=0Un—-12n+1-7n+2).

Here v,.v2 = —1 and dealing with this case amounts to showing that we cannot
have zj, 22, ... with z; as above (one can easily show that the case a(y2) = e,
a(y1) = €; — en—1 — ey, is allowed). This follows from Lemma 4.5 (3).

Now assume that ¢ = j. Then we have v;.vo = —2 and we must show that we
cannot have

z21=0GEn+2)2n+1-in—-1), z=0En-1)2n+1-4n+2)

(or the other way around). But the permutations 21, 29 correspond to edges of
A(a) which form a cycle: E; UEs =T'(3). However, this cycle does not contain
the vertices n,n + 1 and this contradicts Lemma 4.2 and so does this case.
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Now assume that j < ¢ < n — 1. Then we have v;.v3 = —3 and we need to
show that these cases never arise. The proof of this case is similar to that of
Lemma 4.3 and is left to the reader.

Ifi=n-1>y, then

zn=Mm-1Ln)n+1,n+2), z22=0Un-D2n+1-y4n+2).

Since n is a vertex of E, it easily follows that both E; and E; are contained
in T'(83), but that E; U Ez # I'(8). One now considers the image of j; this is in
a component C of A(B) \ {n — 1} and applying II,, shows that C also contains
j—2,...,3,2,1,n+ 2, which is a contradiction.

If ¢+ = n, then

n=m-1,n+1)n,n+2), z22=0U(n-102n+1-jn+2)

again F; and E; are contained in T'(8), but Ey U E; # I['(8). Considering the
image of 2n+1— j under II,, we see that 2n+ 2 — j belongs to a component C of
A(8)\{n+1}. Applying II, shows that C also contains 2n+3—j,...,2n,n—1,
a contradiction.

This concludes case (i), (iv) and so all cases with (i).

We now show how to reduce any other case to one of these. To do this we
note that we can conjugate by the product 7, = 17 - - - T}, of the corresponding
symplectic transvections. We will calculate this below. Thus to conclude the
proof we will need to show that each of the vectors of types (if)—(iv) is in the
T.-orbit of some vector e;,1 <1 < n.

Now to find 7, we first note that each T; differs from the identity matrix in
a single column:

1 00 1 1 0
-1 10 0 1 0
L=l9o 01 ... =|o -1 1 )
10 0 0
01 1 0
T,=10 0 1 O )
00 -1 1
1 0 0 0 1 0 0
Thr=10 1 1 0|, Tm=]0 1 0 1
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
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It then easily follows that their product is

0 0 0 0 0O -1 11
-1 0 0 0 0 -1 11
0 -1 0 O 0 -1 11
0 0 -1 0 0 -1 11
Ta=1 . : S : :
0 0 0o 0 ... -1 -1 11
0 0 O 0o ... 0 -1 10
0 0 O 0 ... 0 -1 01

We thus need to show that each of the vectors of types (ii)—(iv) is the kth row
of some power 7" for some k.

Now one checks that (e; — e;),i < j < n is a row of 7,7% as is
+(e; — en—1 — €y); that +(e; + ep—1-k — €n—1 — €,) is a row of T,* for
i <n—1-—k < n—2 This covers all cases and concludes the proof of
Proposition 4.1 and so of the D,, case of Theorem 1.1. n

The cases I3, Iy, Fy, Eg are all calculated using [MA] as is Theorem 1.2.

5. Proof of Theorem 1.3

Let G = (g),g = (91,---,9n), be any finitely generated group. Let F' = (z),
z = (x1,...,Z,) be the free group of rank n and ng: F — G,w(x;) = g;, the
quotient map. Let B,(z), Br(g) denote the orbit of z, g (respectively) under the
Hurwitz action. Then we have the permutation representation

pG: Bn — Sym(Bn(g)).

Let Pg denote the image of pg. Note that pp is injective [Bi] and we will
identify Pr with B,.
The epimorphism 7: F — G induces an epimorphism

7o Pr = Pag,

and we let M denote the kernel of 7,. Then for o € Mg we have 7g (a(a:i)a:i'l)
= 1g, so that a(z;)z; ' € K = ker(rg). Let

Rg = {a(:vi)xi_lz a € Mg,1<i<n},

and let Rg denote the normal closure of Rg in F and put Q = F/Rg. Then
we have Rg C K and so we have an epimorphism 7: Q@ — G.
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We next show that @ is an infinite group. Let {: F' — Z be the epimorphism
defined by ((z;) =1 for i < n. Let N = ker(({), so that N consists of all words
in F with zero exponent. Note that for & € B, the word a(z;)z; ' has zero
exponent and so is in N. Thus R¢ C N and so Rz C N. Since N has infinite
index in F it follows that Rq has infinite index in F. Thus Q is infinite.

Now 7: ¢ — @ induces an epimorphism xg: Pg — Pe. To prove Theorem
1.3 it will suffice to show that y¢ is injective, which we now prove.

There is another epimorphism x¢g = 7f: Pr — Pg, induced by the epimor-
phism F' — @, such that xgxg = pg. Let ag € ker xg. Since x¢ is onto there
is some af € Pr with xg(ar) = ag. Then

palar) = xaxqlar) = xglag) =1,

so that ap € kerpg. It follows that mg(ap(z;)z; ') = 1 for all i < n, so that
ap € Mg and thus ap(xi)xi_l € Rc C Rg. Tt follows that ap € ker X@ so that
ag = xo(ar) =1, as required. |
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